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Introduction

In the operation of complicated networks, even
when they are made up of beliable elements, the
probability of appearance of faults becomes considerable.
Therefore, in the operation of complicated networks,
particular attention attaéhes to the problem of
monitoring the operatidn of these.devicesfﬁgg methods
of finding faults. However, by virtue of the com-
plexity of networks, theprocess of finding faults
requires a great loss of time and high skill on the part

of the serviee personnel. These circumstances have led the

authors to engage in the development of a mathematical

formalism, which permits, _
at a relatively small number of tests (ringing% to determine

the place and the character of the fault. The basic
results in this direction were obtalned in 1954 and were
reported at the session of the Moscow Mathematical
Bociety in 1955 /5/. The constructed rules make 1t
possible to autogﬁze the process of control of the
operation of the device. In the case of manual control,

" they also are of considerable effectlveness, since because
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.of their algorithmic nature they can be'performed by
workgrs of low skill and within a short time.

In the present article we expound in detall this
problem, The general theory déveloped in thils ﬁaper is
based on the followlng premises,

" 1) A network Ul is specified, and when it is in
working order it realizes a certain function
£{%Xys Xpy evey xn), specified on the set E.

2) There is a list of possible faults (which are
not of‘random character) with an indication of the number
of simultaneously possible faults; with this, to each
possible combination of faults there corresponds é
. function defined on the set E,

'3) Methods of carrying out the control are
described., _

Consequently, the results of this general theory
are applicable only to networks .for which a logical
description has been déveloped."Theréfore, for
 i1llustration we have used contact networks. Thls choice
was dictated also by the fact that contact networks |
represent, from the point of view of reliable means,
the most simple networks, " hence the necessary step
towards studying the more complicated networks.

In eddition, a whole series of questlons was

considered exclusively for contact networks.
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As applied to contact networks, premiées 1, 2, and
3 are formulated as follows.&i
1) Corresponding to contact network 0L is &

function f(xl, X 9 seey xn) of algebraic logice.

2) Two kinds of faults are considered -~ the short
cifcuiting of the contact and the opening of the contacty
a0 far no limitations are imposed‘on the numbef of
simultaneously noﬂsible faults. |

3) The network is monitored on ‘the basis of its
respbnse to different various comblnations of the states
of the rglays. o

Example. The network shown in Fig. 1 realizes the
function f(xl, x%2 =% ¢ x, 1 (mod 2). Let 1t be
required to find  fault in the network, if it is known
that one contact is faulty. Tt is easy to see that for
this purpose it is enough to establish whether or not
the network conducts under the following states of the

relays

z, =0, x,=0; z, =0, z, =1, z, =1, z, =0, @y = 1, x,==1.

Namely: if when xl =%, - 0 the circuit does not conduct,

‘then either contact 2 is open or contact 4 is open; if

when Xl = x2

either contact 1 is open or contact 3 1s open;j if when

= 1 the circuit @oes not conduct, then

X, = 0 and x, = 1 the circuit does conduct, then elther
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éontact 1 or contact 4 is closed; 1f when ®; = 1 and
X, = 0 and the circuit conducts, then either 2 or
contact 3 is closed,

The article consists of two chapters. In Chap. I
are considered general problems of control of networks,
that is to say, without taking into account the structure
of the network. A general procedure is given for the
cpnstruction of tests. For illustration we give several
evamples from the field of contact networks. The
measures developed for the construction of minimal tests
can be used directly for the construction of minimal
disjunctive (or conjunctive) normal forms [6/. At the
‘end of the chapter we establish a duality principle for
teasts and disclose certain properties of single tests as
applied to contact networks. What remains unstudied are
the possibilities of control by means of conscious

modification of the topologyrof the network;
for example, short circuiting between any two vertices
of the network, the removal of part of the network, the
rearrangement of the blocks, etc. In Chap. 11 procedure
is given for the construction of tests for individual
classes of networks with account taken of the structure
of the networks. The latter 1s due to the fact that the
general algorithm, even for relatively simple contact

networks (which realize functions of 6 or 8 variables)
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becomes too cumbersome. Therefore, as in the case of
network synthesis, it was logical to narrow down the
e¢lass of networks and thereby increase the effectiveness,
The procedure of congstruction the tests‘is basged here on
a block construction of the network and on an inductive
specification of the functions., In this manner the
construction of tests reduces to the construction of
tests for individual blocks. 1In the latter case the
consideratioé%of the generalltheory are“u596¢ Negt to
be studied are tentative and ordered texts.

The results of Ghap.vI and Chap. II, Sec. 7 were
derived by S. V, Yablcngkiy;‘the remaining results were
obﬁained by I. A. Chegis. The general writing of the
text was perforemed by S. V. Yablonskiye The work on
the formulation and caleulation of the examples was

earried out by T. A. Alferova and L. N. Rybakova, %o

whom the authors express their gratitude.

Chapter I

General Theory of Construction of Tests

1., Tables of Fault Funections and Methods of Theilr

Construction

Let a network Ol consist of Z elements (for

eyample, contacts). Let furthermore the element 1 have

84 faults. It is obvious that the number of different




faults in the network is equal to

II(1+8‘)-~1

$ml

Let us renumber the faults of interest to us. Then, for
;the j=th fault tge ngtwork OZM goes into the network 623.
We denote by fj(xl, X9 sees xn) the function corresponds
ing to the work of the network dlj. The function
fj(xl, Xy eeny Xy ) 415 called the fault function.

Iet M be the set of investigated faults. Then a
table of functions, containing a tsble of functlons

£(Xyy X,y veey X )%, and also the tables of all ‘the

2’
fault functions fa(xl, Xyy eesy X ), where a 4 M,is

called the table of fault functions.

* We make the correct state of the network
correspond tq the index O, and theq,ky dgfinitioqlthe

function fo(xl, Xpy eees xn) = f(xyy ¥y ooy xn).

There exist two methods of constructing tables
of fault functlons.
The‘first method consists of constructing the
table by rovs, For this purpose one scans all the
assemblies of the values of the arguments.
For each value of the argument one seeks the correspond=-

ing value of the functlon f, and one marks, on the



éiagram the contacts, either with a s011id line or with a
dotted 1ine; depending on whether the contact closes or
opens at the particular assembly. Then, for f = O, one
picks out those faults which short the ne?mcf% ‘ ard in

the according columns of the row under congideration one

‘places a "i% At f = 1, one plcks out those faults, which

. apen the cirecult, and on fhe corresponding columns of the

rew under consideration one pl&cp@é."@““‘ Then after
scanning all the sssemblies one obtainsfa table of fault
functions. In each cclumn of the table, corresponding
to a given fault, one obfaﬂns a table of the funciions
of this fault, and . - into the ‘empty boxes
one should transfer‘mentally the corresponding values of
the function f . |
Evxample. Let us consider the sequence of compil=-
ing a table of fault functions in accordance with the
jndicated first method, for the-network shown in Fig. 2,
which reslizes the function % 1,3, u(x’ ¥, %, W), and the
assumed faults are the closing oY opening of a single
coniact. For convenlence, we number the contacts of
the network (see Fig. 2) from 1 to 1k. ﬁﬁistribgtion
of the faults is shown in Table 1. |
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Tn this table, the first column (¥; ¥, Z W)
contains all possibile assemblies§ whereas the suéceeding
columne are headed with the numbers 0, 1, 2, ceey Lh
and 1%, 2%, ..., 147, where the pumber O corresponds to

the correct state of this network, and each of the

numbers 1, 24 eoaq 14 correspends to &% ¢losing of the

o

n

Ly

contact denoted by seme number on Fig. 24 and to each
of the numbers 11, 2!, cesy L' corresponds an opening

of the same contact

&

Fige. 3 and % show sketches of each assembly
sndiczted in Table 1; the ssteriske mark the contacts,
the elosing (Fig. 3) or opening (Fig. 4) each of which
brings the circult to & clozed or to an open state. Over

each network is written out the corresponding
assembly, and under each network the mmbers of these
faults are }nﬁividualiy written.

To explain the manner with which the construction
of Table 1 is carried ouk and with which the indicated
diggrams of Figs. 3 snd 4 are drawn, let us consider
the assembly (05 0, Oy O, Sl,z’h(eﬁ 0, 0, 0) = O
Corresponding to it 1s the correct state of the
syatem indicated in the upper left corner of Pig. 2.
Comparing this cirewit with the row of Table 1

corresponding to the assembly (0, 0, 0, 0) and with




;}ig. 2, we see that in the table one places a »1nin the
columns with numbers corresponding to the numbers-of the
cbntacts marked with asterisks (i.e., in columns 1, 5;
7, 9, and 12), ﬂ
l ~ In the seccnd meﬁhéd the table 1s constructed by
éolumns. For this ?urpose one introduces a fault in the
. network, i.e., certain contacts are short circuited and
others are discarded. After‘such aﬁ dﬁéiatioﬁ, a network
with the particular fault under consideration 1s obtained;
Thig network corresponds to the fault functlon of interest
to us. However, sometimes there 1s no need for compiliﬁg
again a function of this fault. In fact, assume that a
‘certain contact has opened. ILet us consider all the
ciréuits which pass through this contact, 'Wé,write out
all the assemblies corresponding to these circuits.
Obviously, the fault function (corresponding to the
opening of the contact under gonsiderationz can differ
from the original functlon f(x;, X5y eeey xn) only at
the written out assemblies, or more accurately, the
difference takes place, if the written assemblles are
not encoﬁntered in any circuit that does not péss through
the glven contact, ahd to the contrary, the difference
in a certain assembly does not take place if this

assembly is encountered at least in one such circuit.

—_10 =



24,131



-
\ i\
\ A
\ - \ ) '
» 4 ' ]
L Lt
S N e
A Wi
Y, e
AL

/f’é: 7)’!3'

A




Assume that the fault consists of a ghorted contacﬁl
Let us consider all the circuits which have passed through
this contact, eliminating those in which a contact
identical with that considered is involved. Again we
write out all the assemblies correspending to these
eircuits., In the assemblies we change the values corre=-
sponding to the given contact to the opposite ones. The
fault function eitner does not differ from the original
function at the constructed assemblies, or differs from
it, depending on whether or not these assemblies are
encountered in the eircuits that do not pass through the
given contact. However, the difference in the fault

function from f(x cvey xn) can take place alsc at

1°? Ko
other assembldes, which correspond to the so called

- Mfalse circuiéi" l.e., circults different from those
considered above. An example of a network with a falee
circuit is shown in Fig. 5.

Example., Let us consider the order of com~
piling a table of fault functions in accordance with
the second method for the preceding circult (see ‘
Fig. 2).

shorts. Fig. 6 shows the circuits that are
produced from the initial one (see Fig. 2) from closing
of any giVeh single contact. On the diagrams of Filg. 6

; these contacts are denoted by the number 1, which :

-_ 13







‘designates an identlcal admittance.
Analyzing Fig. 6, we obtain functions that
describe the correspending admittances of the networks

(i.e., the fault functions for a given network):

== 8, (@ g 2, w)\V Zys \/ zyw \/ tjzw \/ ZGZw,
fr== 8 4 (0 1 20 w) \/ ryze \/ xjzw \/ 1§,
foz= &) g 3 Y 5 w)\/ wjz \/ ryw,

Fo= 800 0 5 w) \/ oz \/ ryz \/ fyw,

=08 ., (@ v, 2 w) \/ rgzw \/ vz \/ xgzw \/ Ly,
fo==S8, .o o 5 w)\/ Bysw \/ £y,

f==S8 0w s )\ rjzw \/ rysw \/ Lgiw,

fo= S8 & w3 ) \/ xgzr \/ ryze \/ vy,

fo==9 3.4 {x, u, z,> wi\/ rijiw\/ rysw\/ ryse,

fro==S, 5.(@ 4 2, W) \/ rizie \/ xyzo \/ xgzu,

F= S @y 2 )V risw \/ yiw\/ ryze,
Fa= 8, (&, ¥, 2, W)\ 1Y \/ ryzb \/ 2§iw,
-fzzz:: ‘91,3,4 (*, ¥, 2 w) \/ ryu,

=0 5 (0 U 5 wY\/ Tyz.

Here the numbers of the function f correspond to
the numbers of the networks on Fig. 6o

Open circuits‘: Analogously, on Fig. 7
we show the networks that are derived from the initial

, one upon opening of any single contact, and the contact

Sew






;n which the discontinuity takes place is denoted by
zeros on these diagrams.

For each network shown in Fig. 7, we write out a
function that deseribes the admittance of this network

(1.e., the fault function for the given network) s

p, Ly IW \/ ryzw \/ 2yzw \/ T,

p, == oy ayw N/ ajzw \/ s,

1o ryzw N/ sz N/ ayzw \/ Tyiw Y/ eijzw \/ iz,

f,oomayz i agw S rymw N LyE N/ ZYIw \/ xyzi,

foomeayn ) e N/ RHEw N oy N rysw \/ rizm,

i eyn S ryw N/ afaw N/ vzt N/ sz N/ 2gI,

foowmays N\ e NS rgs N ey \/ xinu \/ sy,

o gz g\ rgze S Syse \/ s \/ agsi,

fo = ays \S e\ s \/ apzi \/ yyzn \/ ryiw \/ riiw, .
foo == ans \/ ape N/ wgnwe \/ TS \/ s \f xysi \/ g,

foomm oz \wope NS agze \/ Yyse \/ xisw,

foomm oy S age \/ qgin \/ Xysw \/ 2§,

figom== ryz \/ agaw \/ agsa \/ ez \/ xyie \/ 2§sw \/ 2y,
frp==ayw \/ xgaw \/ 2§ \/ ayme \/ wysw \/ afsw \/ 2P,

Here, to0, the number of the functlon f corre-
sponds to the number of the network on Fig. 7.

The advantages of ariy particu’lar method depend on
the specific case: on the net*;zorlé?j};n the character and
number of faults. For the purpcses of control, it is

convenient to construct the table in both manners.

o 1T




In the compilation of the table it may te found that
certain columns coincide identically. Thus, in the
evzmple under consideration here we have f7 = f9,

P and f =z f The coincidence dernotes that

e = *107 13 a4’
the corresponding faults are electrically undistinguish~
able or, if one of the columns is empty (always correspnds
to the correct state) that the network contains

eveessive contacts. In the latter case, by

removing these contacts we obtain a network equlvalent

to the initial one. _

We note that the fact that certain fault functions
coincide can be predicted directly from the network. In
fact, if the permissible fault is a bresk in the contact,
then, if two contacts are connected in series, it 1is
imposeible to establish which of these is broken.
Analogously, it i1s impossible to establish the shorting
of a contact in the case of a parallel connection. It
is interesting to ascertain a criterion that would
permit finding the faults which are undistinguishable
from the analysis of the network.

Thus, all the faults in the correct state are all
broken up intoc clasges such that the representatives of
one c¢lass have identical columns, and the representatives
of different classes have different columns. We shall

henceforth deal with constructed classes, denoting them

— 1
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Ey}pumbers of certain of thei?,representatives.

-~

2. Tests and Their Construction

- Let 277 ve a set of functions f(xl, Xyy o Xn}’
specified on and and the same set E and assuming values
from the set G (here n is the same for all the functions),
We assume furthermore that all the functlons from the
seﬁ are pairvwise different. Let furthermore there be
fixed a certaiﬁ : subset 4 i&not ofdered) pairs of
fgncfions of the se%'&ﬁ., where the pairs (f, f) are
excluaeﬁe _

Definition, A set T ¢ E is called a testi
(relative to B, 30, y 1f, no matter what pair of

functions (f, g) € o, £x L xn)
% g(xyy Xys v x ) on the set Te

It is cobvious that the concept of a test depends
on the set 52¢ From the definition it follows that B
is a test (trivial test).

Let us proceed now to describe the construction
of tests. Let T = {'ei, eé, soey eé } be a certain
test. Let us take (f,, fj)é Y . Since T is a test,

_then there exists an assembly e ¢ BEQL L sg b
such that fi(e;) 75 fj(e;). This assembly, consequent-
ly enters into the set Eij -~ the set of all the

:assemblies on which the functions fi and fj are differentg

— 1] -




From this we have the following: T is the result
of the selection from all the sets E13 where (fi, fj)é-jl

Attention should be called here to the fact that
owing to the use of the "selectlon principle" (true, in
2 case of a finite set) in the formation of T, we obtaln
a cumbersome apparatus for the construction of tests.

To deseribe and construet tests 1% ié convenlent
to use the apparatus of algebraic logle. 1In fact, let

us write the set EJj in the form of the formula
£

LY & fi ((31)”7/ :ff' {\(1) \/ ':'2& f. (02) rf,"‘ /J‘ (62) \/I v \/ Lo &f‘ (em) 71"“‘ f.i (em) ==

o i J NS V) NS oaid rap el = .
AR \ ... \//_.;”i, riae eSEE== (e ey e €l -
L RS LV

We make up the expression
[T VeV Ve,
(e I ER !
where under the sign i we understand the ahbreviated

notation for the expression

( ) & ( )& ... &( ).

The expression obtained is of the form TS . Applying
the distributive lew, and also the law of action with
symbols ei3 as with the varlables of algebraic logic,
1.6.5 by putting '

o & == 0 and 0\ A&e =6,
we reduce the evpression to the form iiTT, vwhere the sum

1. does not contaln excessive terms. We can now formulate

— &l



the following proposition.
Theorem. The elements that enter inte one teru of

ﬁgTY generate s set which is an elementary test . ™

* A test T 4¢ ealled elementary, if any subset
ST < T is not a test,

The H@Qr@m follows from the fect that the term
contains elements from each bracket (e \V/ eij VA
v\ @i? ), where (f,, f y € YL .

Note% We see that tho gquestion of finding tewt”
reduces to the construction of a set, which has in common
with each subset in the expression of the form 77}% at
least one element. Therefore the setls that have these
properties with respect to the gxpressian of the form
will be called a test for the expression Tl &.

We note that the trensformation of TS to ST is
cunbersome. This cumbersomeness reflects a more
general set-theoretical fact which states that under
this kind of transformations 1t becomes frequently
necessary to increase the cardinality (as in awn
A operation). The method of tranﬁformation will be
investigated in greater detail in the nevt section.

We shall indicate only one application of elementary

tests here.




Definitions, The cardinality of the set T, which
1s a test, 1s called the length of the test. A test which
has a minimal cardinality is called minimal.

Tt 15 obvious that all the minimal tests (of which
‘there can be geveral) are found among the elementary tests.
tW‘e shall henceforth be interested in minimal tests or in
tests whose lengths are close to minimal,

Let Wl be a set of fault functions. One can
imagine that they are all reduced to a siﬁgle tablg,as
was already done (see Sec. 1). Let YU be a non-empty set
of different unordered pairs of functions from }}7. In
our case Jl will contain most frequently all such
possible pairs. In the latter case the test is such a
set, on which all the functions from WL are pairwise
distinguishable. In other words, in order to detect
a fault, it is enough to verify the network only for those
sets, which are contained in the test. In the case when
T 75 E, this verification is shorter than the verifica-
tion with using all the assemblies., In additicn, when
T ,%, E there is no need of writing out the entire table
of fault functions ~- 1t is enough to know only that

~portion of the tahle, corresponding to the sét T
By virtue of the foregoing, particular significance

attaches td the problem of constructing minimal tests,



Note. The shorter thellength of the test, the
shorter the verification time of the network. However,
this time can be reduced even further, by taking into
account probability considerations. That 1s to say,
_once the network has been regulated, then the network 1s
‘correct with the greatest probability; different faults
are encountered with different probabllities. Taking
furthermore into consideration that to detect a specific
fault there is as a rule no need for "running through"
the entire test (it is enough for this purpose to employ
paft of the assemblies), one can arrange the assembllies

containéd in the test in such an order that the

mathematical expectation of the 1ength of that portion
of the test,which is necessary prior to disclosure of -
the fault, will be minimal. B

In conclusion, we shall give examples of con-
struction of minimal tests. The gxamples pertain to the
network analyzed in Sec. 1, In example 1, the per=-
missible faults are the closing of one contact, in example
5 are that of opening one contact. The assemblies e
of the set E are dencted by integers, thée blnary
arrangement of which, written from left to right, is
jdentically equal to €.

The notation 0'1\0 \/ 3 \V 5 V 6 denotes that
the O-th function differs from the l-st function (see

— Q3




X . A _th iR
‘table)mfA0, 3, 5, and 6 assemblies.

Example 1.

let us write out all the expressions of
| GAVER ,.\/e;ij
U B R AV RV AV
0.2 |9V 10\/12 2 {0V 3VEVEVIVIOVIZ 2.3
0.3 ]9V 10 .3 J0V3VEVEYVIVIO 2.4
R EAVEAVET R UAVEIVEY 2.5
0.5 TOV3IVOV 10 S5VEVIVID 2.6
0.6 (H\V86 (AWK 7

0-7 105V E
08 13VEV 10
KUERIREAVEAVAY
01210\ 6\ 10
[0-13112

5

6

IR AVE VA
g8 105\ 10
RV AVA!
S1213\V oV 10

OV 3V EVENV 12

[ S-I L - S o
« v .
-

-

P N N N T T ™ e T N S S N
—
(<3

3.4 BVEVIV N/ 12 4.5 10V IVEVEVIVIOVIZ 5.6
3.5 103 .6 112 5.7
B N B BN YR AV 1Y c7 OV BV 9V 12 5-8
TR AR N AVAAVA 1] N R EAVEAVE((AVE Y 5.1
3-8 13/6N9 LR AV AV AV 5-12
A 113y 5N 10 A2{0 5NV 10\ 12 5.13
3.12l0 69 4-1315/6

3139\ 100/ 12

o7 10NN 7.8 10V3VOVEVE/I0 8.1t
EEE IR AVAAVET) TR AV I 812
SR E R RV AR 712156V 9V 10 §-13
SRV SVAT: 7-13/0°/5\V OV 12

G-1316/ 6\ 12

1125003V 5VBVIVI0 12.1310V 6V 10V 12
IR KAV AV VA

the form

12

15VEVIVI0

oV3Ivi12

5\ 6\/9 /1012
0V 5\ 10\/ 12
AV 60 12

L AVE RV AV ¥

(UAVE AVE RV V)
9\ 10
OV/IVHEVEIVI0
IViV10
VRAVEAVA Y
(AVARVATY
IVEVY

eV 3VINVIONV 12
LAVA RV AV
AV}

HAVA AV UAVE I

The expression N2 , after obvious simplifications,

becomes

HE= (O 10) (V) OV 5V 9HEBY 6V 10)EV 5V )0V 6V 10)-12.
| OVIEV VN0V I0)0VE6VIHEYSV10)=
== (0 3)(3\/ 6)(9\/ 10) - 12 [(0\/5\/9)(3V/ 5/ 9)] -
OV 5V 103V 5V 10)]- 3V 6V 10)(0\/ 6V 10)] -

BV VN OV 6V D=0V 3)(V6) OV

— 24

10) + 12 -



O3V 5V 903V 5\ 10)]1(0-3\/6\/9)(0-3\/ 6\ 10)] =
= (0\/ 3)(5V 6) 9V 10)-12.[(0- 31/ 51/ 9-10) (0.3 \/ 6 \/ 9-10)] = (0 \/ 3)-

LGV/6)(OV10) 12 (0-3\/ 5 - 6\/ 9- 10)

By opening up the brackets we obtaln

Y (0.3.5.0.12\0-3.5- 10

CV0.5-6-9-120/0.5.6- 10
C\/0.5.9-10.12\/0-6-9-10-

120/0-3.6-10.12/0- 3. 6. 912"/
12035691235 61012/
12\/3.5.9-10.12\/3 6.9 1012,

Bach term defines a minimal test.

Exanple 2.

Let us write out again all the expression of the

form

L’if VARV f’;{j

i REUE U LA
i 3
4] 14
& Y
{ R
it A
it 1. S'
{ - 1.
0. 1
v vt
o P
- £y
i U4

IV2VAV TV RY TV 1314V 1D
VAT -

13\ 14\ 15

AVTV SV VI3V 14V 15
AN AVEIVETRVE L AVETAVAL
TVEV I3V 14V 15

A ETRAVEE IVETAVAT

VA AV TAVARAVETAVET:
ENEAVATRVE LV EVAVAT:
AV AVETRVEL AVETAVEL

AV AVE VAT AVEV RVAT:
CAVETAVETANET:
VETAVARIVET:

— 25 -



‘!l\,‘\“ oo

BS

LK

4 \ N ’.. / ,} ‘.\" :’ '._V
BV

AN T

'l”""’ f’.g‘\’H

‘\’h
! \j % 'o‘r' ?
AVERVE:

'F.”e‘"“\‘k

ik ".',‘ [ AR
a \ :,[ ‘« ¢ } “
i \’f { -\ ,.' (_“ Al /l-' "lf Y
P24 T

PN g
AV AV A
RV
ThSR

28 3 SAN T

1 \/’ LAY
BNSTNH
PN AN 1

4 'A." "’\r‘ $

ST 1

PNAN B
i y'é A

"\'/" .‘,{ \rvl”f .\)/3 \Vli i
“':,',"’ & V‘V" 13

i x\./. # \\," i{’«

e e s

LAY RAVE EAN T

ERVAT!

VS AV AVEAVIAVEY|

EVud&JU
2\ AN BN 14

12

wooLe O e G e I3 LS I3
s 3 %3 ol 2
.,‘.'-: e v
— s I N B
oot S I

6. g
610
A1
(3¢
e 13
6 14

LU LEK
“}l’ "'
912
I K
9. 14

q,r

:.-14'

VATRVEL
VT AVEEIVEY
NNV

T NS
AN BV 13N 14

ERVAAVA SRYA YIS |
14 AR M
1353 15

’i\/?\/’f‘\jll
FRVEAVEAVE!
i

'!
AVIAVE:
20/ 7 13

13/ 2313
\/ 25/ 14

a__\
o

[
o
S
o

<<z

(e
e
.
-~}

RVEE!

el
X

3
e
N

AVARAVETAVEE!
AVAAVETRVEY’

AV LN
RV
AV
YRLRVAK
LY )
AV ERVA LRV NI
VI3V Y 15

WAVE RV AVE EAVALAV) 15
AL

P S

=

-

=N
.

=

-

~

B S

-,

44w
KRN
I V.4
4.4
EREE

T
T
T oouy
Tl
A Y
[ P
7y
YRR EY

107 £
101
10 13
10°- 14

1314

8
1R
7o

4 "‘\,f" i

AVE SVET!
TV EN
PAVEAVET
1\ TV R
CAVETRVEL:
LAVE S VAT

Cee e
SENAE

ANEAVES
2N TV
N TN
PANSTAR

AT

11

{
RYEIRYA S
PN 1

RSV RNE
rAVAL
1N/ 18
5/ 14

{13\/14

{
b



After obvious simplifications, we can write for WS

' the following.

WS 1.2 43 M”-’i‘xjii)(z\/‘ii)(b\/11)}{(4\/8)(7'\/8);(/;\/'i):::

—.wz ) A3 1411\ 4. T - 8)(B\/ 4 T)(A\/ T}
Transforming this expression, we obtain

=1 2.4.8.11.43. 14\/1.2.4.7-8.13. 14\/1.2.7.8.11.13. 14/
V1-2.4.7.11.43.14.

Each term will define a minimal test.

3, Certain Rules for ithe Construction of Tests

We have already seen that the construction of tests

reduces to the construction of an expression of the type

EETV. In the general case, to construct a £ T 1t is
necessary first to obtain the expression 7?2; and then
convert it to the form ZT . ‘Both these stages are
exceedingly laborious. By virtue of these circumstances,
it becomes practically impossible to construct minimal
tests for arbitrary networks, ﬁsing an algorithm that
does not take into account the peculiarities of the
structure of the networks, which realize functions of
six or more variables. 3

It must be noted thaf a direct expanding of the
brackets even in a whole series of relatively simple

problems leads to a very large number of terms; thus,

in the opening of the brackets in example 1

—-us.gf/m



of Sec. 2, one obtains more than a million of terms.
However, the final result contains, as a rule, much
fever terms. In th;s'connection, the gquestion arises
of finding simpler }\h€W(j, when it is possibler1) to
‘construct a < starting with a table; 2) to con-
‘vert the TS into 2T , bypassing the direct opening
of the brackets with a consequent "reduction of
similars," and 3) in the case of construction of a
minimal test or any one fully deflnite test for the
olimination of the trensformation of T¢ into &I

In the present secticn wve shall formulate
briefly these rules.

I. Rules of Construction of 7% . 1. In the
table of fault functions we discard the rows that
consist either entirely of O's or entirely of 1's, and
also the corresponding assemblies.,

5, 1In the case when the table contains
identical rdws, we discard all of them together with
the corresponding assemblies, leaving one representative
of each,

We shall disregard from now on the
discarded assemblies, assuming that the functions are
not defined on them.

3., We choose all the assemblies that have that

property, that for each of these there are at least:

a— 2i avtong



,£WO functions whieh assume on these as ssemblies different
values, and on the remaining (which remain after Il and
12} 1dentical values. The resultant assemblies exhatst
411 the one-term factors in the 7' g expression.

e Let ey eig, veey € DE one-term assemblies,

]
cbtained according to item 3. We remove from the set

E.—

el

= A%

ot
ja'y
,a,

e pairs of functions (fi? fj) for which there

evlists an assemblyvei1(1 & k & s) such that
k3¢
L C ) # f (ey )e The resultant set will be denoted

by XZ’ It ia obvicuq that the congtrmc%ian of a test
in & cmse when & sebt of pairs 71} 1s fixed is simpler

than for the set of pairs 72 < 1, let us assume

)

. } /
that <. corresponds to the set L', Then, obvicusly,
. i
} . TS
we have T4 €1, TPRITCI I
In practice 1t 1is more convenient to proceed as

follows: using the sets e, ei?, seey €4 ONE breaks
> s

feodo

1
up the set WL into classes in such a way, that the

representatives of different classes on a certaln

sgembly eik(l < % € s) assume different values,
ané the representative of one class on each of the
cégsiﬁered assemblies assume one and the same value.
Next, for each pair of functlons {fi? fj) é%'XL and
such that the functions fi and fj enter into one
class, consequently, (f,, fj) & }ﬁb,) one constructs
the set Eii? etc,



5. Using the rule that A(A '\/ B) = A, we cross
out in the Trfi expression the éxcessive factors. It
chould be noted here that when item W is satisfled,
the factors which are absorbed by the terms eil, eig’
srey eis are automatically discarded.

TI. Rules of Transformation of T < into &T,
1. Algebraic Method. Using the distributive law, we
carry out the multiplication of the brackets

(A\/ BYC = AC\/ BC,
This is followed by further transformations, in which
the ldentities

A- A=A, AB=BA, AVB=B\V A, A\/ AB=A.
are tsken into account. It becomes frequently convenient
nere first to group the factors in a sultable manner.

2. The geometric method is bzsed on the relation

IS e,;= Sile,,.

In other words, the result of the operation TS is B
complement to the result of the operation zm on
the complement. Thus, it becomes possible to obtain

the evpression of interest to us by using the supplement-
ary operation to the operation & /4/. For this
purpose, we consider a "sleve," which has thé followlng
form: 1in a rectangle parallel to the base one dravs &

total of m straight lines, where m equals

_— 30 -



the number of different assemblies e,; €,; cesy € of the
function f(x,, X.s eesy X )3 let us assume that these

. 1 ‘ 2 3 n . - ~
are numbered as shown in Fig. 8. Next, we separate the

segment 1 into two equal parts, segment 2 into four parts,

‘etc.; finally we divide segment m into 2" equal parts.

From segment 1 we remove the first half, we remove the

l1-st and 3-~rd quarter of segment 2, we remove the l-st,

3-rd, 5-th, and 7-th eighths from seégment 3, etc. The

discarded part of the i-th segment of thé sieve is set

in correspondence with the assembly e, and the undis-

‘_Qardgﬂhpart is set in correspondence with the assembly

. (1 < 1 < m). To each preduct 118, , we set in
e § ~ id

AN
correspondence a part of the sievej for this purpose,

5 are pmentally

projected on the segment in which 1is located ﬁhe factor

all the factors from the product Tréé

of the highest rank in the given product; and we take
their intersection. The resultant part of the sieve
will be called sparated, By éarrying'out such an
operation with each term of éﬂréij we separate from the
sieve a certaln set of segments. Let us divide the
bagse of the triangle int Zm.parts. To each part of the
subdivision; which is not contained in the projection
on the base of”the separated part of the sieve; we
assign an index defined as follows: from an internal

point of the given part we draw a perpendicular and take




the difference between m and the number of polnts of
intersection of the perpendicular with the sieve, or,
what is the same, we count the number of horizontal lines
on which the perpendicular does not intersect with the
sieve, (See reference /2/ )

It is easy to see that“each part of the breakdown
of the base, in which an index is defined, corresponds to
an elementary test consisting of assemblies correspending
to all those segments, with which the perpendicular drawn
from the internal point of the considered part does not
intersect. It is furthermore evident  that the length
of the elementary test, corresponding”to the given part
of the breakdownvis equal to its index.,

TII. Rules of Construction of a Minimal Test. In
the construction of a minimal test it is necessary to
choose a certain term from the 2T , and therefore, in
many cases, there 1s no need for carrying out a complete
transformation from T ¢ to & . This is aided by the
following two rules,

1. If the product TZ. bresks up into groups
such that the different groups do not have identical
assemblies, then in order to obtain a minimal test 1t
1s sufficient to construct a minimal test for each group
and to take their joining.

In the case when the permissible faults are elther



%he ¢losing of one contact or the dpening of one contact
it is obvious that the minimal test breaks down into two
nonintersecting tests: ﬁhé first is minimal for closing
in one contact and the other 1s minimal for opening in

ione contact. In other words, in this case the ﬁ?i always

‘breaks down st least into two groups without common
sasembly. This follows from the fact that in the case
under consideration the fault functions corresponding
to closigg do not differ from the initisl function on
those assemblies in which f(e) = 1 and correspondingly

, J evrewls
the fault functions corresponding to cpen do not
differ from the initiasl function on those agsemblies

where fle) = O.

2. Let the expressian'jfﬁ_ nave the form
(e, \/ end (A, V eeyBY (A N e By o (AL ee;8)C,

-where Al’ B}. AZ’ B veey A, B do  not contain the

’ T
- assemblies ii and g: and the term C (whichn has the form
T<.) does not contain the assembly ey (there may not
be any brackets in A and B). It is obvious that in
the mihimal test, owing to the factor (ei\/'ej), there
should be contalned elther ey or ej; here it 1s more
convenient to take first ej, since both e, and €, enter

symmetrically in all the factors, with the exception of

C, while ej may also enter in C.

— 33




| To prove this we note that if tiie o-nression 115;2
is obtained from the expression Tfﬁ] by crossing out a
certain number of ccnjunctivé terms, then to each test
Tl of thﬁ eypression TYéW there corresnonde a test T2
of the eﬁpfes?ion'ﬂ‘élz, with T2 . Tl (in such a
erozsing~out, the length of the test can only decrease).

Let us ccnsider two cases:

a) the element ¢, 1s chosenj when e, 1is crogsed
out, "1 4. becomes

HY o= (A, VeB) (4, Veh) o (AL e;B)C:

b) the element ej is chosenj when ej is crossed

out, U <. becomes
N, = (4, e B) (4, 6By -+ (4 eB)C

If we ncw replace ey by ej, then the expression
T, will be the result of crossing out of a certain
number of conjunctive elements from the expression
and therefore in case b) the test can only be less.

v3. Let TS ©ve broken up into groups of factors,
with eil’ €159 vee eit peing the minimal test of the
firest group, and eg being the minimal test of the
second group; then a) 1f €1, €1,y veey Ciy is the
test for the seccnd group, then €191 €1y s €1 is
s minimal test for the entire product; b) if any
minimal test of the first group is not a test for the

0 .
second group, then ey, eil, ceny eit is a minimal test
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for the entire product. 3 '
The given rules do not exhaust other possible
measures that facilitate the compllation of the test.
To the centrary, searches for effective rules make up
one of the important probleme in test theory.
| Certain other measures, which permit a simpler
censtruction of the test, are described in the following
chapter.“ .
Example. In conclusion let us give an example
of fhe construction of a minimal test by the two methods,

Ll)fes-k.w ]
in the case when the permissible faults are the openingka

or theLé?ggggékq% a single contact. Taking into account
rule IIIl, 1t 1s enough to construct tests for the case
of elosing and opening separately. The first method
illustrates the rules 13, IA’ 15’ IIIl, IIIZ’ and III3,
whereas the second explains the geometric method of
constructing tests.

Iet us ccnsider the network shown in Fig. 9,
which realizes the function

fo G,y 5, wy== s\ agsw \/ ryzwe N/ Xz \/ aysw.

Figs. 10 and 11 show thg states of the networks
for different values of the assemblies; the asterisks
mark those ccntacts, the faults of which (closing in

Fig. 10 and opening in Fig. 11) convert the network

to the opposite position (in the sense of admittance).

— 35 —



kY

W ze o R NE R 1

£,4 81 7,72
£ 4,812 g |

37



1T 814

¢

doe

J1L,00.8.8




The states of the networks for different values of
the assemblies, shown in Figs. 10 and 11, can be gathered

in a single table of fault functions (Table 2)
Tabvle 2

H ; 4 i 4
| b \ . e ol wed ol gl v | qqs
Grig2 3'§4 5;6%7 gigiplra g iy gy aisie g 10 1Y 1
: i
(0. 0,0, 1) {0} | 1
t i i
NP i Ty
(O, 0,1, 05 {01 (1] 11 gi |1 1
o1 ooplel 1L 1 b i
ST A N I I I * | |
sl [o (LTI N
i [
(0,1,1, 1y ;0111 %} i 1 x ;
‘ i i
(1.0.0 ¢y 1o | 1§ 1 i ;
i . i
ay \ G 1 | i
Slgioce el g 1’ 3 3 |
- v T G i i T
IR RN S & 4 % :
0, A A a |
o dol Gl il W
oo o] DI PTL NI
U ) ) : - i i - ; ‘ ; ¢
opiel 1o ~ Pl ;
Q’I’L J P P g P ; :
: : 7 i : < § '
P lel b Polyl < 1 ;
(1. ) P g HNEN | B
) L P P ; i -
o] {2, 0, 0, 0 o 5 E ; g E ! i O %0 ] ]
£ . e
R : ' N ' | ; } ' . H !
oo 3 A T T T O A | ( j 0
-t “(w;} R % P i i | ; 5 i ! 0 v i
gm,: ISR I i % t Lo ‘ ‘ i § | “2 9 ] ();}
ERERERERENE l i
T T T T . , |
N it { o : : ; [ [H]
; : ooy il - g [ o | ; (Ji ¢ ! 0 v ____t
; ; v S i o i
[ I R P ! ; { } () O !
e b b e oL |

for = frw

Let us consider first the cases of closing (Fig. 10).
We see that the single-term factors will be assemblies 5
and 9, They represent the following breakdown of the

 fault funculons
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5
{0. 1,23 4 5 17,8 8 10, 11, 12

‘ 9{10, -
OI i! 27 319 49 51 7; 8, ﬁ; ”r i?'

0.1 1 1VTVIH 1.2 (AV2ZVIVUVIZ 2:3 ] 2VEV IV 14
NP EPAVE Y RN EAVAAVZ:EVETRVE LRNRY B Bk RVA AVE -

fo.3 | 8vis 1.4 12y i1 2.5 1 2911

0-4 | 1\V/2V17 1.5 4\VTVvi2 2-7 1 2VAVL2VID
0.5 11\ 12 1.7 (MUVAVIVHVED 2.8 1 1V8VI2

0.7 | 415 R B EAVA AVE AVET! 2.0 1 2VTIVIZVIA
0.8 | £\V/2V8 19 |1V 11V 14 2. 11112\ 15

0.9 | 7V 14 IERETIERVEAVE AVETRVE LIS B8 P IR RVAAVE RV AV
G.41] 2\ 15 1-1214\V7VEV L

0-12] 1\V4VSE

o4 PINVIVIVEVIA 4.5 [LvV2VTVv itz 5.7 [AVIIVIZVD
3.5 8V 12V 44 4.7 MIV2VAVTVIES 6.8 [1V2VvBVYUVI2
I R VAVE AVE TRV T 4.8 [TV8 : 5.9 |[TVIIVIZV 14
A S E RV AVEY 4.9 {1\ 2V 14 R REEAPAVE I AVEVAVE t
3.9 {78 4-41[1VTV 15 5.4211\V4AVBV I V12
KR AP AVE AVETANEY: 4-1212V4VTVS

RIS AVE SVAT

T-5 (1V2VEAVRYIES B9 [IVEIVIVEVY A 112V 7 VAV 1S
7.6 {4 T\ 14\ 15 R TR ERVE VAT 211 \V4VTVEVH
7-1112\ 4 8-12{2VV4

(AR VIERVE-AVET

111214 2V AV 8\ 46

Thus, in the case of closing we obtaln (taking I

]
snto aceount) the following expression for T & |
HE == 5. 6(2\/12) (8\/ 14) (11 \/ 12) (4 \/ 15) (TV/ 14) 2V 15) 2V 1) -
IV TV @VAIVIVIN(EVIVTIEVIVE(EVAEVE):.
VTV AV VAV B AVIVIDEVAVHEVTV LS.
-(1\/ 8V 15)
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Let us now proceed to the construction of the

minimal test.

ot
ot
el
6]
e
oy
O
{2
o
I
s
-
O

(1\/1\/2)(1\/7\/ 12)~»~~1\, 7v‘).
A8y D (VB 12)=1V8V2: ‘12

e =50 9 {2\ 1) (1T 2 12) (1o 2 42) AN TN 2442 (1, ‘/';.z-%f_-t}; ‘
“<«\/4>\.\/ VAR Y 1) (6 1) (T 16 (T NISIVEIVIT
KA 8 (1Y 11V 1) (L AV 1) (1Y TV 19 (1 520

Since 2 and 12 enter ia the firet curly bracket symmet-
ricslly, and only @ eniers inte the second bracket, then
according to Ill, the minimal test should contaln 2

the minimal test contalns
5 oand 9. After choosing the indicated elements we

. - < " .
remove from the {2 211 the factors containing these

ﬂ“wﬁﬂyﬂﬁMSVYjﬂv7V“)UV8V1%@V%QM@MH-
LAV AVE Y TV NIV AV B (1Y TV I (VAN
NV TV 15y (1\/ 8/ 19).
raking into consideraticn that

UV&@M@MUVPVw18J1~4VSA&
HV?VWﬂﬁV?VLnUVSV(UUVSVLA N T RN 1215,

(1.\/4\/8)(1\,/4\,/14)—,.1\/4\ 8. 14,
CAVASAVA TS AV RAVA Y ES VA ¥ \/ 714,

—1i




we obtain »
%= (11 12) 15\ 12) (4\/ 15)] (7 -8/ 7+ 14/ 8 14);

S CAVARR - AV VX 15y(1\ 4V 8- 1)1V 1\ 7 14,

ZThe seeond curly bracket has a minimal test 1. The first
‘Curiy bracket brezks down into two factors without

' common elements, and therefore its minimal test is a
combinstion of the minimal tests for these factors (ITI9).
The first factor has the following minimai tests: b, 123
15, 113 and 15 12; the second factor has the following
minimal tests: 7, 83 7, 1k; and 8, 1k,

Thas, the first curly bracket has 9 minimal testsy
andlhone of these is a test for the second curly bracket.
Hence hy III3 the minimal test for 74' 1s the Joining
of any . minimal test for the first curly bracket,
let us say 11, 15, 7, 8, and the minimal test for the
second curly bracket, i.e. 1.

We have the following minimal test

1, 2,5, 7,8 9, 11 1

Tn the case of opening (see Fig. 11) we have the
following one-term factors: 0, 3, 6, 10, and 13. These
sssemblies carry out the complete breakdown of all the

fault funections for openings. In fact

01 2,' 4’" 5’1 8" 9", 10’, 2" 01 41! 8’| l“I
O{r, 3, 7, 11 312, 5, 9,
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(o, Y 2w (0 T
TTRUVE A gL

A A VIR IINEE:

O 4 Py
From this we have

L =0, .;sf) U
ey gy ~ s = - B P =) oy T - b
Consequently O, 2, 6, 10, and 13 1s the only minimal Test
Note. The process of construeting a test ususily

s e £ 0oy 4 i ES B 3

coptaina a large number of caleulations, and therefors it

ple to verlfy inm the eﬁ&"wheth@r the constructed

@
=g

bt

clted asgenblies, one %*f’”” icwn the

if the bre q% ﬁﬁwn 1s complete, 1.8«

2 E4
17 3
P R B PPN " o Yo Y - P ’\“"{“ a
congtructed set sn sssembly sueh tha? fi(e; # f le),
. b
£y
ot a

test. in exasmple of such a verification was given in the

evample considered.

Second Method. Starting out with the ewpression
£ (soe p. 291 Jof source/) and using the
deseription IL,, we cblain the sieve shown in Fig. 12,

For the purpeose of economy of space, the sieve is cut

3 T : T I e B M v A e e e &
up into four parts. Lo restore the initial picturs it
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direct continuation of the rectangle located above 1t.
Tn Fig. 12 the heavy dotted line and the heavy segments
jndicate the separated subset of the sisve.

IV. Construction of Sufficiently Simrle Tests.
One can be satisfied with the construction of not a
minimal test, but a test which is sufficiently good in
~ that sense that 1ts length does not exceed too strongly
the length of the mihimal test. This question has a
greater gignificance 1f the.constructioh~bf the indicated
trest is essentially simpler than the consitruction of the
ninimal test.

| We shall now indicate how, starting out with the
s egpression, one ean rather simply construet an test
which isg quite satisfactory. However, the guestion of
now much this test differs from the minimal one remains
moot .

The construction of the test reduces to the
following. '

1. In the 7% expression we choose the element
eil’ which is encountered in the largest number of
fsotors (if there are a few of them, we take anypne of
these). )

o2, We cross out from the 7% expression the

factors which contain the chosen element eil and obtain

T2

.-.._t/-b,,....




et |
1¢ T2 1¢ empty, then the test is 0 If

is not empty, then applying items 1 and 2 to the

evpression, we obtain 8y etc. Thus, we srrive at &
-2 ‘
test e, €. . €.
11, 4‘2’ ety lt‘

L, Construction of Tests for Dual Systems.

In the theory of relay-contact networks, sometimes,
knowing .4 netwrok 511, which réalizes the function
fl(xl, Xp3 wees xn), it is possible to construct by a
simple method a network O?Q, which realizes a certain
function fz(yl, Xpy s xn),

The guestion arises whether it is possible in

some cases, knowing the test T for the netwrok 021’

o

to find a test T2 for certain network §22 and bypass
laboriocus calculationse

To formulate the result let us give a series of

definitions.. L
Definition. The function I¥ ﬁf%(iig ﬁgj soosy E%l

1s called dual to the function f(xy, X5, .a.,.xﬁ).
Definition. A network (L is called 1%%¢wu/g7£
the netvork which is obtained from n by joining a
deurce circult between the poles can be homomorphically
placed in a plane.
Definition. A network (L* is called dual with

respect to the planar network L if 1t is constructed

— YT e




in the following manner. The planar network JQ, together
with the source link breaks up the plane into regions.

We choose in each plane cnhe point -- the vertices of the
future network. For the poles of 0} * we take those
évertices, which correspond to the regions that have the
source circuit as part of the boundary. Next, each two

vertices of "network J*" is joined by means of contacts

~4
Py

~ ~ o~ . ~ ~ J
Yil, ‘Xj2, seny Xip’ where Xll, Xig’ esey yi ars all '{M,.

contacts located on the boundary between thg correspond=-
ing regiongss; 1if both vertices are poles of 62*, vwe Jjoin
them with the source circuit.

Example. Fig. 13 shows by means of solid lines
the network (I, and the dual network (l* is shown dotted.

From the definition it follows that 5@* is a
planar netvork.

As regards the dual networks, the following
theorem is known, obtained by C. Shannon [77.

Theoren. If a function £(xy, X5y eeey Xn) is
realized by a planar network 51, tgen Ehe dual Qetwork
0\ * realizes the dual function f*(xl, Xpy eees xn).

~ Proof. Let us run briefly through the proof of
this theorem. Let the network fL* realize the function

f'(xl, Xy esesy xn). Let us consider the arbitrary

29

assembly o, C‘?, cesy & . Two cases are possible.

—_—4F




.].) f( Qf.‘ Yy 0{2? 26 ay & ) - 1‘0 Tklig me&l’ls that in
n

the network 5L there 1s a

7

path that joins the poles 2
and b, and in the relay states (%3, oLy eeny X all
the contacts along thils path are closed. Corresponding
to this path in the neiwork JL* is a set of contacts
(of equal deslgnation as the contacts of the path
erpsidered). With this, if all these contacts are open,

and this takes place for the relay states o, oLy enssy

then the network {l* is open and, consequently,

ay Y
2

l, * 2, Qoa,c’{‘n}:ca
2) £, %y, ooy & ) = 0. In this case, for

the state of the relayfo o veey ein the network

1’ T2’
is open. It follows therefore that there exists a path
in the network Ol *, joining the poles a! and b'., With
this, this path passes through the open contacts of

the network 0. . The latter means that at the relay

—

stateszil, ey ,..,al.n all the contacts on the con-
structed path are cicsed. We obtaln
gy gy e s B} =1
Triug, 1ln both cases
f{E, Tgyenny )= (x, Ty z,)

or

F Ty Tgoeos T) =] (Eyy Fgy e 2,) == ¥ (2yy Ly - or Tl

The theorem proved makes 1% poseible E@ cgnstruct

from a plsnar realization‘of the function f(xl, X5 s cens

e B



in) a network for the functlon ??xl, Xps sees X,

Assume that a planar’network JV realizes the
function f(x,, xz, essy ¥, )s We denote by M the set
of faults of the netwerk 0L(c106¢n? or ovcn¢ng of
contzets). We have seen that to each fault a € M
there corresponds a fault function fa(xl, X9 eves xn).
The fault a breaks down the set of all the contacts of
the network 01 inte three subsets: kl’ k2, and k3,
where kl conajstq of *he contaects which are short
circvited, k, of the open contacts, and k« of the
remaining contacts. It is obvious that corr eﬁpoqding
to this breakdown of the contacts of the network A is
a breskdown of the contacts of the network (L * (the
breakdown is generated by dual correspondence).

Let us coneider the fault a* (dual to the fault a)
of the network 0L *, at which all the contacts of the
set kl are open, the contacts of set k2 are short
circuited, and the remaining ones are in proper working
order. We denote by M* the set of faults a* of the
network (L *, where a runs through the set M. From the
precgding theoremuit follows that the fault function
f:*(xl’ Xy 2
to the fault a*, is

foo(@ys Tgr ooy B)= Va(”v N :r.)]*‘

seey xn) of the network JL*, corresponding

— GO




l ‘It follows therefere that 1if fa(xl, Xys eses xn) is the
‘ fanlt function of the network ¢l , then the fault
function £*,{x. , X, eesy x ) for the fault a* of the
a*¥ " "l T2 n’ - -
network (1% is dual to f (Xlg ¥o3 eeey X_Js |
Lot WL 1
Let be the set of different fault functions
of the network () corresponding to the faults M, Then,
denoting by 2?2* the set of fault functions of
the network () ¥ corresponding to the faults M¥, Let 9¢
be a certain subset of unordered pairs of functions
(£, £,) of the set WL, excludi ng the pairs (f,, £,)
o
where f = f . We place this subset in correspondence
5 _

b

with the subset dL* of the pairs S f**) of the set

L)

Yx. Ovbviously, 7L* does not contein pairs of the

m{ £ * ) 3 % = i 1ould have
form(f¥,, fb*} where f* = ff, , since we would have

from the foregoing result (fa}* = (fb)* or fa = fb’
which contradicts the definition of the set L2

Theorem. Let T = {(011, 0<2, caey X )v} be a

test relative to the subset 31 for the network Ov

and then T#* = 1{(@(1, oy ooy «:Zn) is a test
realtive to the subset YL* for the network 6L *, and

vice versa.

. - - -

Proof., in fact, let (fa(xl, Xos ens xn), fb(xl,
coey xn)) € 7). . Since T is a test, there
&’\2, ceey oin) £ T such that

Xy

exists an assembly (O(l,
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fm(&zs Bppoi v o v m@}"?&“% (“v gy v = g agh.
From this ve obtain

}wﬁ{éz‘l ?;i?g AR m):% };b(jl‘ :w“' . E;:w}

<3
?
#

%‘fﬁ ?::{él!, ﬁﬁ?‘»q %y % E ‘“ﬁ‘é‘.‘ .'fd‘) {@ijﬁ 2@ oH my am%}?gn

_Taﬁxnw into cons ideraticn the connection between the
fault functions of the network ﬁl with the fault
functions of the network @}* we obtaln

f&«(fw} TR ﬁw}“ﬁ!’fﬁa(mw bys R 1y &),

Cons u%uunijg T 18 2z test relativs Lo 9?* for. the.
netvork O %,

The inversze statement follows from the following

relations:

ges =9, IR =i, MY =R, TP =T

proeeey

Corollary. Corresponding to the minimal test
with respect to QZ of the network oy 1g a wminimal test

with-respest ko EZ* of the network & *,

Example. For the sake of illustrating the proved

heo orem, let us give an evample in whlch we cons truct

in parallel a test for a planar network ﬂ? and
a dual network 0L » , in the case when the

permissible fault is the eloging or orpening of some
single contact., Attention should e czlled here that

for _
the closing ofAFontact in network (i corresponds to

— 55



. &
opening ofhcontact in netuwork L * and vice versa. As

in the preceding examples, cases of closing and opening

of *the contacts are indevendent, and are therefcre

analyzed separately. :
Network (L (Fig. 14) peilizes the function

Susa(x, y, 5, W)==rjiw\/ rjzv\/
\ xye®\/ zyzw \/ 2§31 \/ xjaw \/
\V zytw\/ xyz \/ zyzw

while network [L* (Fig. 15), which is dual to network

realizes the function

Saa(z, 1y 2, wy=2gae\/ e/
\/ ryze \/ zgsw\/ T2\, cyiw \/ ryne

The fault functionsfin the czse of closing (network

fL ) are shown in Fig. 16, while the fault functions for
_the case of opening (network £, *) are shown in Fig. 17.

By gathering together the states of the networks
for different values of the assemblies shown in Fig. 16,
we obtain a table for the fault functlons for closing
(Table 3), Similarly, by gathering the states of the
networks for different values of the assemhlies shouwn
in Fig. 17, we obtain a table of fault functions for

opening (see Table ).



(e, 9, 2, wy | O p alelelrislojiof | 12 18 ) H
| i i
©, 00010 1 1 1 z
% ) 13
0,0,1,1) 1 0 1 11 3
P
©,1,0,1) {0 i1 o g | |
| L | %
L | 5 1
i §
(,0.0, 110 1 1
(1.0 1,001 O 11 1 1
(1.1,0, 010 i 1 1 1
fa==13 Fia==T4
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Table 4'

(x,y, 20) OV |26 7|89} 10| 11"} 120 | 18} 14

+lan Ll o | o | o | o
(1,1,0,0) | 1 ol lolo| o
(1,0,1,0]1{0 0clo]o

+l@oonit of o | ol o

+]e1,1,0]1jolotolo

(01,0 1]1 olofo}| u
[} . T
(Ol 0’ 1, 1) 1 0 l l Q l 0 0
.y P R A
2 3 ,'""‘f
Let us | Let us
construct expression JIL construct expression X
10, 12, 13 10, 192" 1%
[\ Pt . | ' v
{0’ 1, 44,567,849 11 B, v e, e e, 7w, 0, 10
10, 12 (9, 11 : 100, 120 (@, 1v
13 0.1, 2,4, 0, 6,7, 8 18" 0, U, 2.4, 5.6,7, 8,
(1, 2 4 ,1', 2, 4
9 6
10, 5, 8 7, & lo, 5. ¢, 7', &
10- 121100 /12 0.7] 3\ 10 10 127) 85 0.7 [5\/12
9.11{ 8\/10 0.8} 10\/12 9. 11| B\/12 0 .88V 5
1.2 5\/12 5.6] 8\/12 . 27| 8\/10 5.6 18\/12
1.4 8\/12 5-7] 3\/5\1oy12 V. &) 312 878V sVIoVI2
2.4 ] 8\/5 5.8 5\/10 2. 410\/12 5 -8B\ 10
0.5 | 5\/12 6-7{ 5\/10 o 5| 3\yvi10 6715V 10 .
0.6 8\/5 6.8 S\VH\VI0V12 0. ¢l10\y12 683V BVIOVI2
i8] s\V12 7.8 {8\ 12

liE==0.6-9 (10\/12) (3\/10)(5V/ 12) NE=6.9.15 (3\/5) (5 12) BV 10
(5\/10) (3\V/ 5) (8\/12) (8\/12) (10V/ 12) (5\/ 10,
— 5F e




The expressions for W4 go into each other when

the assemblies are replaced by their duals. It follows

.ff’;-(-
3

rharefore thatlfazch test of one expression there cor-

A -
t of the other expresslon, and vice versa.
. Tor the case of opening, the fault functions are
shown in Fig. 18, and for the case of closing, the
fzult functions are shown in Fig. 19.
Gathering together ?he'states of the networks for

different values of the assemblies shown in Fig. 18, we

obtain the fault functions for the conatructed functions

-

(Taple 5). Similarly, gathering together the states of
the networks for different values of the assemblies

3

shown in Fig. 19, we bbtain Table 6 for the faull

functions.
(9947
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Let us con-
atruct expresslon (I%

RN A (N LI
.
Po, 1,2, &, 6, 7, 12,18, 14
&, 17"

,
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As in the preceding case, we verify that to each
test of one e¥pression there corresponds a test of the

othel exp aiw,a and vice versa.

5., Single Tests

As folleows from the definition, the form of a

test for verifying one sNe ,ﬁt@a?ﬂ Cl

W
s
[

2
=
o

rezlizing a function f(%lg Ty eoes Xy ) depends on the
cholce of fhe set ?1 ~In other wozd%, the form of the
test depends on the fiwation of the pe xwiﬁfibiﬁ faults,
and also on the degres bf detall %9 which it is

necessary to carry out the analysis of the faults.

?“"

From this point of visﬂﬂit

clagsify the tests. Ve shall not dwell in detall on

s pogeible to

this guestion. We shall note, however, a few lypes

f tegls.

&

1. A single test for the detection of a faulty
contact. when 1t ie known beforehand that the fanlil
(closing or opening of the contact) 1lg possible for
any comtact, but also for one.,

5. Test of a relay for detectlng faulty relays
ww the permissible faults are & short cireuit or
an open circuit iun the device that eontrols the con-~

nection of the rpower supply to the relay winding.

In this case, as can be readlly seen the form of the
K 4 4

Dot é)iﬂ arnvons.




test depends only on the function and is independent of
the choice of the network that realizes the given -
funetion.

3, Complete test for the detection of faults in

jcontacts, when the permissible faults are & shorting orr

an : ST
opening of any contact (possibly’of several contacts

~simultanecusly). It is obvious that any test for a

contact nétwork is contained in a certain complete test.

It is important to note here that although the
form of the test depends on the choice of the set ?ﬁL,
which in the final analysis depends on the structure of
the network, 1n many cases one can stargzggp from a
specification of the set 2 , but from a list of certain
requirements yhich are independent of the form of the
network. This, for example, 1s the situation for the
foregoing types of tesfs. In those caseg when the
problem is formulated in terms which do not take into
account the structure of the network, it becomes
meaningful to raise the question of comparing tests
corresponding to different networks.

Let t be the shortest: iength

£(X1y X2% seey Xp)
of the test in the examination of all the network
realizations of a function f(xl, Xgs eees xn). Let

furthermore : e
t (n) = m?x t_/ (T4 Zar < o> TW)

—_— b



where may is teken over azi ﬁﬁe funetions of algebralc
logic, which depend on n argurents. Then, naturally,
the follawing roblem arises.

Waat is. the asymptotic evpression for the function

for any type of test? It is clear here that
w1 )
< 2.

-

For ewsmple, it is unknown whether t(n) < 2"
in the case of complete tests. In other words, how
‘sensible is the formulation Qf the problem conceriing
2 minimal test (see note in connection with the defini-
tion of the complete testl. | |

Along with these questions, one must alsc'raiéé

several other questions concerning tests.

1) How are tests chaﬁged when networks are
transformed?

2) Let YL be the set of different fault

functions of the network fL for a given type of test.

,
3

Whnat is the estimate of the cardinality of the set ML
(in this vway we can obtain an estimate for E(n)).

Let us proceed now to a more detailed examination
of unit tests. We are concerned with unit tests because
tgis case 1s in some sense the simplest. Whereas, for

example, in the case .of a complete test, even for simple

“""‘C’? sy




networks with 5 or 6 con%tacts, large calculatlons are

necessary to construct the tables of faul

Since for any = > 0 one can indicuse cuch a W,
that any funection of n » N arguments can be realized

o

with o network with a numher of contacts not greater

~ Al i I '
) e f P
then (1L 4+ & ) 2 " MQ/Q then for n = X
_ L v
() <o (bea) g

The latter fol 1mw fron the fact that the length of the
test doss not ewceed the nimber of 211 the fault funciions.

T4 follows fyom this rezult trat when

(ba) e <2 oo e S (1)

the problem of finding the mininal
meaning in that the length of the minimsl test, roughly
speaking, amsunts to &/n of 2" —. the length of the

trivisl test.

2

We have seen in Sece, 3 thot a2 unit test hresks

un into twe independent (aon-intersecting) tests: a
test for & short and a test for an open circult. Conse
guently,

the problem of the conztruction of a eingle test

oresks down into twoe independent preblems.

H

ct

for further analysis it i useful to investigate

— L




-

the tests from the geometrical point of view.

Let f(xlj Ry eaws

Xr) be realized by the network
l - - -

oy

d
CL. To each funetion f(x,, Xyy eeey X ) one can set
in relative unique correspondence a certsin subset P

iof vertices of a unit n-dimensional cubes precisely’

eIy

P is & set of all such points & =
Flag, 990 ooy 2)=1

For example (Fig. 20)
f ey, z,, x)=2x, + 2, -}z, (mod2),

P=1{(1,0,0), (0,1,0), (0,0, 1), (1,1, 1}

Let us put
M=M, W,
where ??im 15 the set of Sault functions in the case of
L

a single cloging, ?Tlr the set of fault funetions in the
case of a sinpgle opening. We denote by @ the set of
Nelosings®, i.e., the set of all those vertices of the
n-dimensional cube, in each of vhich all the functions

from 210 do not assume one and the same valve. Analo-

q
gously, R is the set of points of "openings," i.e., the
set of all those vertices of the n-dimensional cube,

in ezch of which all the functions from 110 do not
T

assume one and the same value.

— G




Obvicusly we have

Q . CP (complement to P), R C P,

We introduce on the set of the vertices of the unit

n-dimensional cube the following metric (see (Q])
play B)=loy—By [+]a,— 3 1-F ... +[a, 3]

. Let M be a certain subset of the pointsﬁof the vertiées
of the‘unit n-dimensional cube. Ve den@te by S(M, 1)
the set of points p of the unit n-dimensional cube, such
that there is found a point m € ¥, for uhich
Ql"(pﬁ m) = 1.
We consider the set P "\ S(P, 1). Those se%e
agssemblies from Q, which enter into this set, are
called false., False assemblies are due to the presence
of false circuits in the network (compare with Sec. 1).
We note that the set Q can coincide with CP and
R can coincide with P. For thls purpose 1t 1s necessary

ps———

to realize £(x,y X,y «eey xn) by means of a [! network,

2’ ,
corresponding to the conjuctive normal form and

respectively to the disjunctive normal form.
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_— . /R S W 2N 2 P, <y e 5 s, a1 - g oo
gerneral algorithm is too curmborsome even 1n the case of

ek

construction of minimzl single teste. Avparently, the

il TS W " - b - . e
curihoreonenesss of thls slsoritom

ES NI b NS L RS LR s L

P}

- L S E: P A K . PR S R SR P s P
21ity (1.9, dus to the cirewpctance thal 1% L8 Swlls

©“

.

Py

D

2

o, ™ Y vy £y P £ (e ., " - A ey
hile Tor any function £(7. 4 Y.,e sesy ¥ ) é: P oand an;
n‘ g L{»

s 3 . 4 . . . A d N v " 3 T ~ v oy d gy
networx.flrtnst realizes 1t). One could dispense with

t

he requirement of minimality, renlacing it with the

order of the greatest lengih of 2ll the lengibs of the
minimal teste over all the funcilons of n areuments,

We ehell not touch upon this guestion. Ono can advance
nere the aszumption that the general algorvithms, as in

. . ; ey oy . L . S S I |
the case of the syntheais of relay-crntact neiworis,

s

will give)for individual netuwoerks (although they are

simpler than the common algorithm for the conastruction

ot

of the mininmal fes )7greater deviations from the
test, Taking these considersiions into account,

one can indicate two paths in test theory: on the one

— TR




hand, one can forgo an exsmination of all the functions
and all the networks, and on the ot?er nand one can
modify the concept of a test, for example require that
the error ccour with a probabillity, say, gr@até% than
1-€,

In the preﬁeﬁf chapter we shall touch upon ﬁhe
first silde of the matier. Here the problem of construc-
tion of tests ls solved for,imdivi&u&i élasseg of
functlons with alloWance_forlth@ 31ngul§fiti&a?mf the
synthesis of the networks. In thess considarations, a
decisive role ig played not by the table of funections,

oot bica o ' s, Lahith
but by theﬁmethod of.specifying the tablghﬁakes into
account certain contenful singularities of the

etructure of the funclions.

6, Tests for Networks that Realizé Elementary
Symmetricai Funestions
In the study of symmetrical functions from Py, 2
fundamental role is played by the so palled elementary
symmetrical functions, l.e., functions of the form
8, (s Ty <or )=V & LPE .. &2
o o oo o=k,
x froa=0,

x jwz o==1,

‘M%&W 3= {
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in- correspondence each Mhorizontal®? (closing) contact the

coordinates (i, j>%, of its left end (the first co-

ordinate is reckoned along tne norizental avis, the
el Ay - PR o N B 4e . > BT
copond zlong the vertical cne )., and to zach Hgephingl!
2 5 o8

- P~ - F-5 2 e » - " . . " g he I, oo
(opening) contact we setl in corrasvondence the coordinatbes

(i, §), of its upper end. Cbviously, for the co=

i3

AT R I s . 3 _ Z 5
ordinates (1, g)h we nave 0 £ 1 & k-1 and

S 2 < I e A8 e & EE T
¢ i % n - kj for the enordinstes (1, J}V we nave

We shall conetruct a test in the form T = T, & 1o ¢
+ T. ¢ T Sipultznecusly we shall verify that with the
aid of T one can =81 abli y any single closing in the
network Xr \ snd thereby prove that T is a teat.
put kB =2 2. |

1) With the ald of the »wmﬂw" 7 ye determing
tnat: a) either s vertical contact is out of order, b} or
elae s horizontal contact is oot of order or the circult
ie 4n working ordeT.

Let the aggregate Tl af the agsemblies De defired

“1

in the following manners

ﬂ*ﬁi




On the assenbly

0...01...10...0

the correct network B,n K assumes the form shown in
“Fig. 22 ’

Consequently, the network operates if and only if
a single closing is conteined in the vertical contacts
of the {-th norizontal strip. If for all the assemblies
Tl the network does not conduct, then either the network
ie¢ in working order or else there is a gingle fanlt in
the horizontal contacts. We note that here in the case
of a fault in the vertical contacts, we esteblish even
the strip in which the faulty contsct 1s located,

2% Let us assume that either a horizontal
contact is faulty, or else the circuit iz in working
arder. We shall show how to continue the analysis of
the circuit in this case. Let us consider the set T2,

congisting of two assemhlles

K41

e e o ———.
«) 0...01...1
B1...10...0,

hrecesu
Gbviocusly, on these assemblies the network z/n,k assumé:s
correspondingly the forms chown in Fig. 23, It is clear
that in the ca=a of assembly ol the network conducts if

and only if the herizontal contact of the l-st column is
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With this agﬁombly!th@ netwerk assumes the form

shown 1n Fig. 24, Consequently, under the assumptlons

. In the case whan the network does not conduct on the
i
sgsemblies from T., 1t is in working order.
ot

b) A horigontal contact of the firet {or respect-

ively last) column is faulty. Let us conslder the
aggregate of aswemblies for k zg 3
Rl R

[P NE——

g...0 07 ... !

5...077 0 1.1
ﬁ./;/m ! .../

oo D

his asggregate conelats of the assemblies of the set T?

and the first ascemblies of each box of the set T e it
k = 2, then we add to the set T,, for n = 35 the

agsembl§ %_Og 1, ﬁ:} = Tgy for n = b we add the assemblies

‘%Og O, 1, O and 0, 1, 0, G ﬁ = T

P

e Iet k¥ ~» 3. Then
-, ] ¢
he (j ¢ L)=th assembly (3 € 3 € n - Xk # 1) the
network has the form shown in Fig. 25,
Let us write out the table of fault functions

corresponding %e respectively to the contacts (0, O)h,

(rJ, l}h’ KX R’ (07 Je k)},’_\’ {]{ b 1.’ O)h.’ (}{ o 19 1}?3’ LN

G




(k = 1, n = k) viththe indicated assemblies

h i
- . with
{Table 7). It is geen from Table 7 that the con-

st dared ascenhlies the faults in the horizontal contacts
t

sy ys e > . IR, 2 o~
eolumne is completely localilrzed,

.
ot
(8]
<
]
e d
[ =0
]
-~
c*
st
o
ot
ot
ot
[
n
jax)
[
0"
<

thé condition that e horizontal»contact ie faulty).

51 Assunme now that it i known that one of the
vertical contacts of the 1-th strip s fauity.

a) We put first % 2; 2, Wit

h
tained in (n - kK = £)-th vox (0 & £ € n -k ~1),

box, we meke up a table of fault functlons Table &),
correoponding to the contacts

] ' s 1
\-L’ Qz‘v; (/-’ £>V, LU ) (.I{
fore that when k¥ 22 3 the fault iIn the contacts

(2]
1’ é' 9 (2, f)v, LN Y (k‘ - 1’ f)v-..(i.e.. VE.I‘T]‘C.a_l

t

1, Q)v. It is clear

7

econtzcts of the (f & 1)-th strip excluding the evtreme

ry

contacta) is established., 1In the case k = ¢ for

ot
jny
D
o
n
n
D
=
o
fuee §
}.x
o

3 we take the asserbly (0, 1, ©) and
(¢, 0, 1, 0) ané¢ (0, 1, 0, 0) for the case n = L4 (cee 2,
Ttem "hty, With the sidé of these ssoemblies
presence of
we detect the faults in 211 the verticszl contacts, with

the ewception of contacts (0, 1), and (ey 1),0 If with

 the indicated assemblies the network does not conduct,
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we have case "b," i.e., the verticsl contacts of the

form (0, 1), and (k, i)V are faulty.

ol T AN
0.0 0% sl rir]ojog L.
00...0/1 0 foajr]sleisjofotel
0 0.1 0 O ] eejoo L,

"""" a o foTo Ty

mou/ia-cua»u..r/oc:o saaflevel v o v 0 » «esl o PR FEESE S
Jo—' [URDUGS: WP W
.

H
AY
<
ey

R

2] D] =

- % = 1 the fsults correspond

3

We note that when
ing to the contacts (O, O)v end (&, O)V are indistinguls
able, =ince to them corresponds one and the game fault

function

[’ { o - e .
‘L‘)"“"“'i \l}‘ ‘T‘Z’ .. oey -l.ﬁ) \/’ J:l “"2. PPN Jn.

Tt therefore remains to consider the case when n - K
Tet us concider the (n - k 4 9/2 sssemblies (the setu Tn

k
PP T

{11..1010600...0,
OG1...811010...0,

LR - e . P . ..

—GR
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assembly is obtained from the

ones

column. #ith these asge +he network haz the

to. 26, It 1a geern therefore

s : N A £ - -

18t assexbly, then the contact (0, 0y is faulty, and
4 T .

if civoult does not conduct®r the l-st assenbly,

then the contact (O

A
:S;'

1
verticsl contacts of the

£

P ‘Ch’
ihe network conductzw>l th

0



contaet (1, k), iz faulty, and if the circuit does not
sith

conductbgn the l-st assembly, then the contact (1, O)v

is fsulty, etcs This ccmpletes the proof of the fact

that T = Ty, ¢ Ty, # Ty ¢ Ty (forn -k < 1 we have

3
'Th empty) is a test.
| Let us estimste the length t of the test T, For

this purpose we recall theat

tx::tz-k;
t, =2,
(n— k1) (k—2), 33,
t, == 1, k=2, n=23,
2, v ' k=2, n=4,

t,g[.":%il] (= frvn—k>1).

Thus .
t::;(amk+1)(k~~2)+(n-k)+[i‘:-§i1]+z at k>3, (s)
If n - k = 3, then by - making a change of
variables x; ='§¥, Xo = Yoy eeey X :‘§n, the function
Sk(yl, X5p eees x,) goes into the function 8, (V10 Yoo
ceos yn) and the network .Kn,k goes into network )/n,n-k‘
For the network n,n-k
above, a single closing test T = {(0(1, 0(2, deey A )}
of length |
zg(i.»—}—-1)(n-k.-2)+-k+[-’-‘~§-’-]+2 npn n—k>3.  (xe)
Tt is obvious that T* = (& , &

, it is possible to construct, as

1’ 2, s 0y En) iS a

single test for closing for the network Xn,k’ with t*=t,

— FY



TfF % = 3 and n - k £ 3, we take that group of

the tests for which the estimate ({%) or {(**)) 1s lower.

We dencte by m the number of fault funetions

\ o N T » A TS VR S
(equal to the number of contaclssg we chiain

mme~%41}}mwmﬂkfﬂmﬁmwwm+m,

We eotimate the ratlo of the lengith of the obteined test
5 the mumber of fault functions, l.e, to the length of
the trivial test (see Chapter I, Sec. 5). We have

i , 5 ot
:}:_ FEL v PE »4« M(,; ko4 - ’

L M a ", —
s .‘:“’: I v ‘,ﬁfw }l‘ e ‘_‘}q

i -~ i v

! 2 2 a2
i A e el i -,
o Sy e g o T 3
mo ¥ m g #

Sinee the cases k¥ & L orn - k= 1 are trivial, we shall

" 5 TR PR - y g
sasume that k¥ 2 2 and n o= k 22 2.
T srpme et o e b N | v here
*l_hgg €5 T PR R iU £l e "%" o Wi & ]ﬂ 4 wnere
," # 3 K o o by «wm -~ . EAP R
v & n - 2, reaches & mavimm when ¥ = n - 2. In fact,

in o thils case the numerstor Wwill have a maxlmum and the
derominator a minimum. Analogously, the evpre pasion

[

(n/2 = 3/« 1/2)/1my where ¥ =2 2, resches a test

5

mayimum k = 2. Thus

it 3 : ! n

L B0 < 0,1,

D
®
FoaN

N % " - [ T
Conseguently, when min (k. n = )y > 1 we have t/m
Sy 4 e

s
v GG o




The precading theorem glves g way of censtructing

a single closing test for elementzry symmetrical functlens

< [ R B - £ . <o T

g, realized by means of the netuiorks 'X“ e Ihe
gk flg %

PR S (R T ot e . 5 . . A .

natural question arises, however, of now "goodt tho

cornatructed test iz, i.e., In other words, how atrongly
the length of tre constructed teot differs fron the

length of the minimel test. Here we shall not give &
complete snpwar to thie auecstion. Yor the csse af
ayrmetrical functions & o ve shsll proncse & me thod
of conetructing a minimsl test,* From this it ie
alresdy ensy to obtain s desired compariscn and

conclude that the previously construeted tests are

¥ We have in mind %nr networks X .
Ny

&2

Theorem. For networks X the length &
fgri=J min

of & single minimal test for closing T nin’? is equal to
"{qn/3J4 L, where q, = 2(n - 1) iz the number of
4
horizontal contacts of the network ¥ .
nyn=-L

Proof. We shall show first that t .. & a -
1110 3

m{qa/3§+ 1. Ve note firat that the favlt funetlons
corresponding to the first and lazst vertical contacts

- . v v -
are ldentically egual, lee., f.. = f. 313 fof

o : 00 Ok
source/ ). It 1s further evident that to
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n bovcs, the construction of

the first, has anite definite

e sl e b Aot T o ey PR S
asraeo YO Daonouae LG S SRR

p.

es

,

:

- oA - . . - ~ . . "

o - L ot P e g g g "y 27 T e
by A, where the supericor lndsy genolad the box 10

e }

which the given assexnbly belongs and the inferior index
denotes the rnimber of the given sasembly in the bov,
=tarting with the uppermost. let us evamine the part of

Tahle ?; corresnonding to the worizontal contactse It

:

is @asy.to cee that this part of the téble aaticfiecs the
following requirements!

1) Buch row contains ewactly two ones

2) There are no identlcal Tovs oT columns s

2) There eviste cne one function f . to which
corresponda a column containing nc Onede.

Let f? be an arbitrary fsult function from the

eonsidered subtable, with fl @é fO' It ie obviocus that

ane of the assemblies on whiech the function f] assumes

..‘

a valua 1, should enter in the teat, We denote this by

D‘(l" :;jy wvirtue of property 1‘ we f£find in the Su_bta.ble &,

# :
functiod%that agsumes a value of 1 with the asgemble 1.

Lot ue congider a get of 2ll such as gsemhlies, on which

fl w 1 or £, = 1. Let c(piiiv =+ d‘l) ha an element
. gers ° 7

o€ that set which en-,intc the test -- sneh an elemant

will always be found, since f ?é f and by definitlon

12

the test contalns an assembly wnlch distinguishes the

&

w— {?'M~
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‘the function f% from the table. One of the assemblies,
wlth -
which it assumes the value of 1, sheould enter into
the test., With thie, two casez are peoassible.

a) There evists only one assembly with waich the

function is egual to 1, and the row corresponding to

thie ascembly contalns only one 1. Such an assembly
must enter 1n the test; on it only one functicon Is

fdefined.

b)) There exist rows (or a row) corresponding to
assembliegwithwhich the Investigated function ls equal
to 1, and containing two ones. .

’°inﬁ.arg unents,similar to those made for

regarding
f "~ the funetion fl+ we elther separate three functlons,

1)

wnich are distingulshable completely with the
two assemblles, or else, if this can be done, we

define two functions that are distingulshable with the
two assemblies

(There are no other possibllities,
for in none of the steps can identical calumns sccur).
From this we see that violation of condition 1 can
lesd only to an increase in the test compared with the

ideal case, when forench step cendition 1 is satisfied,
Since the initial part of the table (for the
horizontal contacts) contains %, = 2(n - 1) functions,

we obtaln the following estimate
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For this purpose 1t is neceseary 1o
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congiderationg we

(gee Tavle ©) in the following manner.

1, ol == (001 ... )€ 7.

2., From each box ﬁ,ﬁﬁtarting with the second),

'su

one assembly o ; ig? whers iﬂ <. KNa

%, a) 1f g = 3k, then the test T contalns
i
AF . A
. and Jf”u and witheas assemblies the
et n’ »
and 1 . . are dis stinguiehable.

P T e o y ] .?»)! ‘_’.‘ 7 & " . ~
m Ak ¢ 1, then oy {: Lﬁ and only the

ithe assembliesd o
£ nno ti ons i:w -

by If

funetlon 1k 1.0 i determined uwﬁfur@ assembly m (the

J"‘.Lg

ether funetions are determined the renmzining Uﬁﬁemblieﬁﬁu
N " - , . tfﬂ
c) 1If q, % ik ¢ 2, then the test T contains e

o m o 1
sasemblies ﬁr o,

. n —— .
28 Bem el n~1y and R amamegthe assemblie

=z

~ q3




n . n .
o(nﬁj and Din one determines only the functions fb 2,0

h
and fhm] 0

T - gy g e SR datm A P [ SN | . <
The first step in the induvction if forn = 3

! 3 oy ST T KU - - ;
(q. = 3 % 1) From Table ¢ 1t is b
J
the set
al . “ 1 0 ~2‘
T. = {2", 2}, 2, 23}
Le & tent, . 1w enev to verifv thet T, has properiies

1, 2, and 3 Y.

hscume that the tests Toy aeey T o (n = 2) with
=i

rroperties 1--3 inclusive have already heen constructeds

o

e shall show how to construct the teast T . According
Yo the different I“*“di@“ obhtained by dividing ¢ by

3, we consider three cases,”

2 3 RN I
* Wpen estimating the lower bound (=ee DPe 218 Jof
sourcars) we have geen that the
coneideration depends on the residue obtained by

Aividing S by 3.

T oo 7 TR 5. e gy
f n—1 TR T AN S R UR Bt RO

From thie we see tnat T differs from Tn~1 hy the

ssemblies from boves n - 1 and n. Ve consider part of

fai]

Table 9 corres ponding to these boxee (Table Gal.




Tahle 9a

ii" fP !P iy i 1
> e 3,0 - 2,0 o 3,0 F 0 [ 72, 4 7o 1,
- - - - L] - ] * » » s v < * a - v “~ » - * - - a LY L} a
e §
aﬂ.wﬂ L 1 LR 1
?
£ oo 3,
L s e i . s i
»
o A s w e & % - e e & w +r % 4 v a2 = . NP « ¥ 2
" _
dﬂwz - - - 1 » - * }
.
k21
a{nm‘i A I « .o 1
¥
@y ‘e e i e 1
¥ . : “o £ T . s .
It iz clesr from Table © (see p. 217 /ol courced )
. - - A 2 . " - -
that T being s test for the network %
riel ) : n-l.n

“ T e
e m ~, - ¥ T g 4 L35 ‘i
distinguishes completely the funcilons Foor o0 fn~2,0

1 h . . ,

o + x «“:“‘. Al T oy e ‘ LR - -
C.iil.i j (’;-I . ©s 8 4 }"H“*} ’1, CCRs L ered as Tll‘iw i\llllb- LLONn KS OI’
the network ‘n el and by the induction assumption,
9rd™
Ty h h
‘1’}"‘\ ;"1 e'\“f‘. o - £ i~ £ H 2
the functions fnwggOf Inmdvo and T .o,y B2Te completely
nel

. - ne«, ¥
de tm“mvncﬂdmﬂ7t assemblies 7Y and a{n“
. . - - : ' n :
obyvious thetewd the assemblies of D=k, o D oy X énly and
-t F S R0

ol & {see Table 9a) determine completely the

et ions o n h n ¢
functions £, 5 gs fhop, 09 fp-1,00 fnez,1 and fre1,1




Tt 1g elear that Tr hss properties 1 and ¢. In fact,
S

property 1 is satisfied in & trivial marner. Since

N . 1 /’ . .
Soand o - T and since T coincideg tviir
d:nwa and & o 0 T : = 10

Tn«] on the boves A < n -1, wheress for Tn»l property

2 iu satisfled, then Tn has property 2. It is seen

from Table 9 that the get T, whieh gatisfies
oo ke o
reguirements 1 and 2, the fau?tsln the vertical contacts

completely localized, Finally, if vie havemv*ﬁir

. N )3
jdentically O, then the netverk 1s in working order.
We have proved thog that Tn iz a tect. Blnee g, = 3K ¢ 2,

A
"!" R Fr e o B Ly chd ’f‘ ) ﬂi‘ﬂp T b oo Pl e " e rttw 2 .
it iz necessary to estshlich fes T, also has propertiy 5.

e % 2 0 }:1
T+ followg from Teble 9a that the functions fé
m

\;’

»
i

b

!_J

JI

¢ s + ¥ ""}Ef' +
L, ,17 and 1. 4 ¢ ere determinedw# the asse
D -1,

h

N 1 . e Mt e R
e&nﬂg and dnnmg, while the functions fn~2,0 and n~1,0

0’
es
h

are d@tarmin@dﬁmﬁithe as=emblies o M and & B, The
n=1 n

rema aining functlons are not digtinguishableﬁmﬁwﬁhese

eszemblies., Thus, 3¢ does take place.

= 2k % 1. In this case We aodieni—

# _m -
Fﬂ:m'[”“"l ”aﬁ ’+ ta—«l—*“a:’

b) In-1,

Here, too, T, differs from T, , in the assemblies from
boves n - 1 and n., Using the fact that T iz a test

n=1
AN 1 “+ TOTe 2 o) 1 '_M'J [ o ) A e
tor ¥ nel yne2 with properties l--3b, and alsowmseng th

fulfillment of properties 1 and 2 for Tn?

we shall prove, analogously as in the ltem "a," that




0
i
s

n

feda

s a test for the network 5’ pope Simee g = 3k ¢
4.'- s

(k % 1)

3= 2 , it is necessary to verify the fulfill-

ment of item 2a. From the definitlion of T _, 1€
b

L M e (% oy e 0T
frllows that 1 o 7
Yiwed Fe= 3.

(corresponding to the netwo NS D ¢ ) the
ng AR V4 12T B D - 78 e

only possihle exeception bein

oe
!—l‘
o
H
\
O
IS
bt
ot
[
62
o]
o
n
=
I~3
O

-~

H
nowever, that ¥ the aseemblies K

fatinguishable. A1l the remaining functions coineide

cu&ﬁthegﬁ sacemblien. Taile proves the fulfillmpent cof

cy . =z 2k 4+ 2, We pud
/AR e gt T O T b st o
F: B !ﬂ’"l J“';l-wﬁ Jvﬂwi i :Zh‘-w-s ! inwl T ju‘

Obviously, T Thas property l. Sinece T corresponds with

n - T n
n the bowes ¥ < n - 1, and si T fulfills
T on the boyxes ¥ < n - 1, and since L Culfills
ik =1

. . : : - . I

renuirement 2, then, consldering that mﬁﬁm} and & s é’“

we conelude that T has property 2. Using the fact that

T is a test for ¥ . and that T has preopertles
Nl g rimd n

&

1 and 2, let us prove, as in item "a," that T is 2
test for the networik § o Slnece

n,yh-l n
Ak 6 1) ¢ 1, it remains to verify the fulfillment

£

of item “h. In fact, by the induction assumption,
1

Tyme - .
1 ,.\g i '} . t:,-o ] Loy . -
lnwl P e Ay determine all the functions

n h £l g1 £Y gy
foce’ LN fﬂ""‘}‘f ()’ -»019 L L ] *EE“‘Q,,],? -LOO% LIL AU | —ﬁ‘“‘l}g’
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and the functlons fh and fh are Glstinguis shed snd
N3, 0 n=2,0

the agsembhlies d~n“g and c(n 1 It 1e clear that the

o

‘ h h h
N ot ongs 0 ' ol L w ATe £ T ¢ atlorne e
functions £ 0 fn~2,0’ an fr~194 sre fully determined

with the assemblies ﬁ~g , &nd ol. “ 1, which are added to
| R hatt

mel in place of the assenmblles 0( é and #\;“{. Finally,

4!

the function fﬁml o is detarmi n@ﬁ,uéﬁ he sscembly a&
Thus, item 3b 1s satlefied for T .
Tt now pemaineg to verify that T han e = length

. e . 3 £ - "
oo gy - qn/j\ 4 Lo In faect, t, = hom b -Kl%/jg + 1=
=g = e /2 .t uz put t = g - ‘3 1
= 3 G5/3 + 1. Let uz put %, -1 U/ .
We shell show that t. = gn = qn/w\ + 1. For this

purpose we consider three casess

iit) Ty = 5}; .
ey Can ) e 2o I R
b= by |““ 2 ey 7 L TRV J(_ LT ey "{‘“ - m‘” T }

[') Qn~1 " %h } 1

—%~ 1 o P
Thie comvletes the proof of the thecrem. It is
neceasaary to 1nu364t6 nere that the theorem not only
srtablishes the existence of tests with different

proverties, but slso gives a vely effective method of
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'heorem. For a network &zﬁ’ realizing a linear

unction Ef‘ x ® csesy X it is possaible to
1 O( 15 Xor e n)’ p )

sonstruet a single test T of length t < 2n -2,
We note that the eclesing of contact 1 and ihe
sloeing of contact 2 of the i-th block (13 2)
sne andthe same fanlt funection. In fact, when contact
l iz closed, then there 1s & circuit 3--1--b connected
in parallel with contact 2, and this cirecult has an
dmittance ¥, , 1.0., 1t produces the same effect as If
sontact 2 were also closed, and vice verca. It ie

setabliched analogously that closing of contaet 2 and

- <

the same

fo )

ne e¢losing of contsct M corresponds to one an
Fault function. Turthermore, the gifferences in all
the remaining fault functions will follow Irom the fact,

vhich is about to be estaolishea, that all the inaicated

*aults are localized.
iy Ly-g

— O



We prove the theorem by dnduction with respect to
n., In the particular case n = 2, the ﬁet T, = -&}GG),
: [
(o1y, (10}, (11)‘H 55 at test (trivisl; see introductlonl.

i’ 3 PR B £ - -} L g ] ] [T
Tv this csse the following faults cannot be di tatinguishad

.....

opening of contact %y and opening of contael ¥

2
i $t it v P " # t
xy and L)
closing of contact Ky and closing of contact T
&4 11 1 - 4 43 It i i
s and o %
1 2

Let n = 3 (firet step of the induétion), Tt is

.

sean from Table 10 of the fault functions of n@ﬁworkzﬁé%
that T, = % 01), (C11), (‘.:w.";.,“»g (111), (0003, (010D,

e

(100} 1s a test that distinguishes all the faulls
contained in the table.

We introduce the notation g' = {5 13}, where

. "'- cr. .

{2513 é’.‘ﬁg sesy ‘@ ), iweag‘ éi “ (2)17 5:{? LA |
¢ .
%1, 1. .Aﬂ iz the “ﬁt of assemblles ﬂm, then
: o o

A= (LA, 1)) is the set of assemblies o' = (C , 1)).

o

We pul

w,== (0, 0, 0, ..., 1),

fopr n = even f“ =z {4, 1, G, ..., ﬂ),
7= (0, 1, {), ey Uy
g, {0, 1, 0, .., ),

for n = 044 B (1, 0,0, (.., 0),
= {4, {0, ..., 0).

— Ol
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the n-th block (if such exists). Hince the network JZW

n
assumes with the assemblies & and €, the form shown
respectively in the left and the right parts of Fig¢‘31,
we have for @?b( ﬁ}) -?g agé( Ed) a short cireuit in
the 1-st or in then2~nﬁ block. Therefore in the l-st
znd Z-nd blocke there ig no short cireulit 1f &Socsal) =
o Zﬁé{ §p)¢ In the case when there is no short elreuitl
KRy tﬁ@ llst and 2-nd blocks, a further investigation 1s
necessary. Let us consider further the assemblies
¥oaug = (07 5 05 wers O 1) end Y o= (o,/?{, Oy svey O)a
It 1s obvioun that the appearance of the networlk
51% avelh these sesemblies depends on the evenness of N
When n is even it has the form shown in Fig. 32, and
when n is odd 1t hes the form shown in Fig. 33. Analyzing
tmase cases wWe reach the conclusion that one of the
contacts 1 or 2 (in the n-th block) is shorteicuited
) I

QT'ZEO( 15-1) = 0 and Zéo(*xn) = 1, and that one of
the contacts 3 or 4 is shortcircuited if 3;3(55~1) bl §
orid @O( 'Xn) = 0, If, however, @O( Xr').-l) e Eil ( Xn)’
then there 1is no closing in the n-th bloeck.

It now remains to provide a prescription for
detecting open circaite in the n~th block. For this

purpose we examine the network éLM_on the assemblies

~nt N} . - 2
S igrﬁ Ci;~1’ {%; ) (Fig. 34). Since the networks
zﬂ!

.




gl gnd "e" coinclde only in the link X then when
¢ (a )+ T (.

O n 0 n-l
enalogously, from the fact that the networks "b" and nan

), the contact %, cannot be open;

“’: s ’r b "}:." £y o . .
0P Yy ook G (Y ) the contact x, cannot be open,
ol 1
ewpsring networks “a' and "d" with "bY and et

respectively, ve see that the foregoing ne tworks co-

k. 4 e 7 o y

& ()= & (o' ), there is an open circult in
U oon { fi=1

the l-st or in the n-th block. Since we have just

provided a prezeription for establishing arn

open cireuit In the first block, the open

eireuit in the n-th bleck is detectedy with this, 1f
- (ol ) = 0, then contact 3 is open, 1f §§ (A )1 =0
0 n 0l n
then contaet 4 is open, 1f {Jr(cx; 1) = 0, then
y) ~»m;ph.

1 is open. Tnis completes the analysls of the n-th
block. If the n-th block is in working order, we pul

¥ = 1 and the network iy goes into 0l . With this,

n W rio L

there 4is a mutually unigue correspondence betwsen the
szsemblies (( , 1}) and the assemblies from
T .. Since, by the 1n&uct;o& assumptlion, T ig &
¥y L T}/ l""l

test for U . we can monitor the network JL 1

e
g /L‘J ey,

)




éompletely,“i.e., we can monitor all blocks from 1 to

n - 1 inclusive., If 1t 1s found that the subnetwork
th_l is in working order, this means that the entire
network ﬂln‘iﬁ in working order. This proves the theoren
completely.

Tn conclusion, we get tests for n = % and n = 53

7, == ((0011), (011), (1041), (1111), (0001), (0101), (1001), (000V),
o G100), (1100},
T, == (00141), (01411), (10111), (11114), (00011), (01014), (40011), (KKNH1),
(G10M1), (11001), (00000), (01000), (10000)).

It is easy to verify that the algorithm proposed
above for the construction of tests of the network 025,

gives for n = 3, 4, and 5 minimal tests.

8, Test for the Comparison Network

0f particular interest is the comparison network,
1.6., a network which realizes the function

1 4t AL B,

f(4. B :""{0 #1 A>B.

| " - seo = aoe -
jéﬁﬁii let A =z anan-l al and B bnbn—l b1 be two m
binary numbers, and then

,fmmnqaﬁm“."%y:6JJJMJQVa@QFAmPM.”mﬁmﬂ,”"mhx
== &nbn V (énbu V bn) f'”l (an-—-p veoy By b,,.__l, vey b],)

_— OG-



Thig function can bs realized by the network shown in

Fig. 35.*% Thug, the comparison network ﬁlm consists of

the (n = 1)=-th hlock of the form shown in Flg. 36, and
one bleck shewn in Flg. 37. With this, the blocks are

joined in the nanner as shown in Fig. 38. The network
given contalns bn - 2 contacts.

The newxt problem is the congiruction of a minimal

single test for the comparizon network., Here
we become acguainted with snother use of the block
' structure of the netvwork For the construction of g test.

The method proposed consiste of constructing the tes

[

frr the entire network of tests for individual blocks
Thus, the block nature of the network is used in an

entirely different manner than was done in Bec. 7, where
the bloek structure was taken into sccount essentially
in the law of construction of the test, and also in the

inductive proof. However, such a law of construction

3

of the test was to a considerable extent, so to speak,

fyuessed at', more accurately, co to speak, "noted"

e

here, to be sure in embryonlc form, we propoze a
srinciple of construeting tests for block networks.
b =

ie test T for a
b

inéc

Theorem, The minimal sin

a9

comparison network ﬁl has a length t = 2n ¢ bin = 2).%

Froof. We make up tables of functions of faults
of the 1l-st block (Table 11), and also of the i-th block

o /ﬁ‘7mm

#
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(1 £ 1 # n) (Table 12

D
x,,)

, considered as 2 multi-terminal
network with one input and two outputs. ¥or the i-th

s
¥

Tomemle  Tha - y R " 5 d e g Iy
lock, the values of the sunctions are written in decimal

ystem, starting with dual notation s8¢, ..

¥ The network given here is simpler than that
conastructed in reference /3/ by G. N, Povarcy by the
cascade method.

=¥ Ophviously, t, = 3,

137,

e 1-=th block is connected in the netwerk in the

w

4,

manner shown in Fig. 29. From this we have the following:
5y If e, . = G, for example, a, = 1, bi = O, then
211 the cireunits passing sprough subnetwork i;, are oOpensy

, Y 4
~ofore the operstion of the subnelwork lr cannot

b} Tf s = 1 (in the i-th blockl), then a, = Oy
]
by = 1, the subnetwork jﬁiﬁ blocked, and therefore under
2w &, a3
our conditions the operation of subnetwork {£; also canok
be verified.
‘ o

¢) o matter what the state of subnetwork dr s

we cannot dzﬂti}guish netween the two staltes of the

remaining part of the network, pamely when s = 1, Ci .1 O,
s = 1, ¢ 9 =1 (1.e., we do not distinguish between the
™

P / a L;l-‘ p—y
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|

ﬂ@ and also 21t

valumu of the functiocns 2 and 3}, The remaining com-
binaticns of the states sci 1 are palirvise dis tLHgUi“h"
able. Therefore a table of fault functions for the i-th

biock connected in the network can be wrltten it the

Table 11 shovs that the minimal test for the first

ploek consists of three assemblies (0, 0), (1, 0}, and

X

(L lgq from Tables 12 and ?3 wWa chtain one anﬁ the same
minimal test for the i-th block (4 2 1), consisting of
511 four pessible assemblies. OUne must note here,
however, that in the construction of a test for the i-th
block (4 ,5 1), we begin from the fact that on the

£

sesemblise (0, 0) and (1, 1) we used essentislly informa=-

Frer?

tion on the outputs s and €y wheresas in the veri-
fication of the 1-th block, connected in the general
network, we thaim,imfmrmaﬁimn only from thé output s,
By virtue of this circumstance, we nesd for the vori-
fication of the i-th block not Y% assemblies, but more
6 assemblies (since 3 differs from O, and also k!
gifferﬂ from Gionty on the assembly (0, 0J3 b differs
o differs from O, o&ly on the assembly
(1, 1)y then the assemblies (O, 0), (1, 1) must be
taken both in the closed state and in the épen state

Q g E
of the subset J?‘)a Tor convenience we shsall write

— M —
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g% Y 4n the form

" of o
wmy P rh oy _ ) .
( B . From items a) and b) it follows

trhat with the ald of the sesemblie { ST 13
‘!&\&(%E gwr oy %\ w

i
lone cannot moniter blocks 1 - 1, 3 = 2y wveey Lo

Sinece for esach i (1 ™ 1) there is at least one

angenbly with of, =1 and {3, = U, and at leasst one
‘L B
sesembly with ol 4 » 0 and %, = b, then the minimal test
; L3

-4

i
T oqmust include the acaenbllies

pY

. o &t L s ;
From the forsgoing arguments and from item © 1% follows

-

inat to wonlter the zacond block it 1s necessa ary that

A s -y
ez with ol m;éﬁg = 0y and

0
o]
o
3
o

there be present as

e
(A
am—

% 4 ¢ t . s . et de
o, = [>, = 1, both with (o6, ., o . ) = (1, 0} and with

{exg, {%ﬁ} «%a (1, G)e Therefore the test T m

3
»
o
ot

eortain the asse smbiies

P R e -
’t::r::-:(rh1l o bfﬂ “ 1 o™ Trt < v Tat ',la, 4
H
1

3 , , e , i \
) nt L] 53! {} i; ‘\ﬁi;’ DS ‘:;,y 'ﬁg {1{ '
FE P
AR W § R A /B & a
& :::‘:{n'.,“ 1 “f’ -’ L}g a":“-ﬁf( mr s "E' ﬂt&\;
8, .. 3 FN 2 PO B
P v By Oy BY B ce e B 1, 8 J
i 4
‘I\’ht«&k %‘w‘h
i LY R
(a3, By (%, 0y w (o, Pyyek(d, 3.



Let us consider in greater detail the l-st and 2-nd
blocks of the network (Fig. 40), It is ohvious that from
amcng the forepgoing assemblies only assemblies St oand f

L

csn participste in the analysis of orpening of contLots

2 znd 4 of the 2-nd bBlock and contacts 1L and 2 of the
1«2t block, Since the case that the netwerk
conducte both with assembly ®t and with szscembly oV

1y poseible with the netweork in working condltion, ohe
can recognize with the two assemblies E* and ﬁ“ at the
nost three faults (the fact thet there are ne col inciding
fauit funetions for open circuits, follows from whatl
will be given below). Thus, the test T should contain
frem those

at lesst one more assembly & , differen

previously constructed. In the sznalysis of open eircults

e

in the test, as we have seen, there should be present

.

- . e s b
assemblies of the form j', " and (1 = 2). 0Of
1,

these, only four are in the contrel of the firgt three

e oato by A\ (f A L \
"I B ’ A " 4 7‘:.;—:: { ‘ }
‘w 25,0, ? IRy B U,
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+ 1) when Y- = ¥¥ = 0 -- closing of the 3-rd

3

contacts of the 2-nd snd the ,~rd blocks

2) when Y S =0, ¥ P e 1 -~ closing of fha 3wd

3

contact of the 2-nd block and closing of the he-th

ccontact of the 3-rd bloek;

3) vhen Xp 0,~= closing of the 4-th
eontact of the 2w4d block and eclosing of the 3-rd contact

of the 3-rd blocks

k) when Y b { P eq - closing of the Luth
2 3
contaets of the 2Z-nd and 3~rd hlocks, uﬁd the correspond-
ing faults are not monitored at all by the remaining
two asgenblies,
VWis have thus shown thet in the case of closing it
iz necessary, In addition to the foregolng ones, to have

at least one more assembly. Thus

by 2 d(n— ) b 2 ==2n-1- 4,

Tahle 1k

e e e e T§pa of Faulbs~}
‘Gapa y N
] £ O
{ .
in the 208 contact } 0n
in the 3 contact J ]
in the lst or 4th conteet 0 | ]
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It now remains to prove the inverse. For this wve

construct a test of length 2n 4 W, We put*

(0 Q, (}\ - R P B 0, ..., 0, 1
?ﬁ framerdit ¢ Pibioued { : R e ' { == . N I
i WU v ! Ve e x e i \ LN 1 i)y {} ,f

RN TI i) 0 0t 0)

”(1 1ol "T\0,..., 0,1,0]"
(0007

“l0,...,0,1,1,0,...,0/

TS U N LN SR 1

i 3 g do Vs 1 4y ' | AT 1 I

(\1, 1,004, .., 1) (F=ty o )]

/

¥ The asierisk denotes the i=-th column.

Table 18
T T Type of fault
Short ,

1 {

B iy Daoue i 1
RO -% KOHTARTe { = 2 0a0KA 0 0
g 3-m Hourawre {2 2 Oaora 1 G
5 I-w wnu 4-M xouranre (22 Oiaona ] i

KEY: 1) in the 1lst block; 2) in the 2nd contact of the
bloc L = 2; 3) in the 3rd contact of the block 1 22 4)
in the 1lst and 4th contact of the block 1 =2.
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Table 20.
| 2nd possinility /(1) =[{{")=0 3rd possibility f{r')=1, f(1")=0
3 3
t N H i
~t .
3| 4 R 212 ]...| & ;
o N 3 o 1 :
8| R [ gk L
a? 1 0 . 0 0 al 1 0 . 0 0
ad 0 1 ] 0 0 a? 0 . 0 0
i 0 0 1 0 a*=2f 0 . 1 0
a® 0 0 ¢ 1 a*—1 0 . 0 1
Table 21
it porsibility f{) =0, f({")=1 -
’u B BRSBTS TTARes —‘,n\'\‘- S W AT Pl WY - ) ‘ -
S R S ond L s bth | 5th (n~——2yth! (n—1)th| m-th
| QPO s e e .
| (-
Crvitbe Iy 41 1 ! 1 1] 4144 1141 1] 4 1) ¢
ol 01011 1 1 1 1 1 1 1 1 1 1 1
{ .
P 1fojoloejrl1]sf1 1}t
33 010} 1 ¢l 00} 1 1 1 1 1 | 1 1
—2 oOj0j0:0)] 010 6040 . 1 o101 0 1 1
ar—-1 0 0 Q 0 0 0 0 0 . 0 0 1 0 0 (]
a® 0 l 0101010101} 0 0 . | 0jo010 011 0

Table 19
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Ta The cilreuit does not cenduct with at least one
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I Table 14, depending on the states of the network with

the ageemblies

. o 4 - < & « PR
s o' oand " we indicate several possibili-
tiego
For Turther loecalization of the fault we rake use

in the case of an open circuit.

II. At least with one of the assemblies X g"a
are o (1= Ly seo; n) the cirveuli conducts. The
possibilities thet are present here are indicated in
Tadle 18. With the aid of Tables 19=-21 we localize
the fault in blocks 3 2 2. These tables make it
possible to complete the analysis of the faults in the
case of a closed cirevit,

1L Tre newwork conducts with all tre assemblies

' YUy £, and iﬁ‘ (122, «v., n), and it is open
with all the aszemblies % ', 3’", and ot (1 = 1, aeay Nie
In this case the network is in working order. This

(4

I L5 4




9, Ordered and Tentative Tests.

Thus far we have conzidered principally the
questlon of the procedure for constructing tests,
without taking into account the specific nature of thelr
utilization. It must be indicated here that in the
monitoring of a network, we, first of all, test the
avsemblies in a definite order, and seccndly, as a
result of easch test we obtaln Information concerning the
etane of the network,

An egssential characteristic of s test is the 'time
nasezaary to moniter the network. In this connectlon,
periioidar ﬁignﬂ“jﬁam&@ atteches to the sueetion of the
conproietion o o oondimel test, and also she questlion
LI e ewhent o vhion the test constructed deviates
rosoa mindmal one. Howewver, as wag indicated earlier
(e 8me, 2), the verification time can be reduced also
inoa dlfferent aeaner, namely by rational ufillzation
ol the test alisaty comstructed,

Definition. An ordered test 1s the following
syestam of verifying the network:

1. The test is broken down into groups, written
out in a definite order (individuzl groups may contain
also one element each).

2. After passing through each group of assemblles,

-

s /91 r:l. Ay
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in greater detall.
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by & mathematical
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it may

interpediate information
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will be superfluous, i.e., that

these assemblies does not add to the

We ehall analyze

For this purpose

ce several symbols and definitions.

for a netvwork 55 there is fixed a

sons ML and a set n of pairs of
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fault functions in the sense of Sec. 2, We denote by TO
a certain set of assemblies, It is obvious that as a
result of running through the assemblies Tirwe obtaln
information Ii comcerniﬁg the network (v (1= i, 2y seay
So)u The information I, e¢sn be characterized by the
fum:tion.(Fi(ﬁ), which assumes values 1 or O on the
assenbly e é TO’ drpending on whether or not the in-
yestlgated network conduc s with Lh@ asqembly e. We note
| th%t the functions gﬁ (e) are specified only on the set
TO. We denote by'3¥LI twe sot of such functions
f () from L, that i' (e) = f’ (e) for e & Toe
Thl definition of the set ‘XZ I, can be decoded in the
- following manher. We arrange in some msnner the assenblies
from the set T, = (', e", +ss)s From the tahle of the
fault functlons Y ve pick out those functlons, vhich
sssume that the assembly e' a value gWi(e'). From the
regultant set we plck out further those functions, which
azsume a value g?i(e“} with thé assembly e", etc.
Running through all the assemblies of the set T, Ve
obviously obtaln erli‘

We denote by ’YL the set of those pairs (fj, fk)
from er for which f and £, {} }KL Let TI be the
test corresponding to the set of the faulf functions Wﬂli
anit to the set of the palrs of fault functions vl

I3
(TIi may prove to be empty).

e [ P i
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called the guantity . - maw(t, 4 %
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(0,..‘,{}@' 111) ; (a) .,,O’i)
“=Ao, ... OG) ’ "“:Qi, o) TN, L, 00

_From the scheme and the tgbles we have the followings

13 If the network 18 apéﬁfﬁwau;tmd with the
gesenbly gfﬁ then either the l-st or M-th contact of
the i-th block (1 # 2) are ayeé}ﬁrauitahﬁ or else the
1wt contact of the l-st blo oCKe

2} If the network is open-cireuited with assembly
Ew“, then the 2-nd ﬁanta@t of the i~th block (12 1)
is bpemwcircmiﬁﬁﬁ,

3} If the network 1ls ..  shor twcirvvi ted with
the aﬁsembly"g*, then elther thQVB«?d contact of the
1-th block (4 »» 2) is short circuited or one of the
contacts of the lest block is éhortwéircuiteﬁe‘

4} If the network is shorid circuited with the

assenbly T t, then either the l~-st or Lk-th contacts of
the i-th block (i 32 2) are short circulted, oT else
one of the contacts of the 1-gt blocke. 4As & resuLt of
running through the assemblles TO, we obtain one of the
I

posgible informations Ioﬁ Ll, Ig, These

Iy 5°

informatlons are characterized by Table 22,




Each of the informations describes the state of the
network, namely: IO denotes that either the netvork is
in vorking order or else there ie a short circuit in the
2=nd contact of the i-th block (1 & 2) or an épen
circuit in the 3-rd contact of the i~-th block (i 2 2);

25

Il denotes that the open circuit is either in the l-st or

in the k-th contact of the i-th block (1 Z 2), or in
the l-st contact of the 1~st.block;'12 denotes that the
open circuit is in the 2-nd contact of fhe i-th Dblock

1 2 1»1I

3
IM denotes a short circuit in the 3I-rd contact of the

denotes & short circuit in the 1-st blocks

i=th block (i =z 2); Ig denotes a short circuit either
in the l=-st or in the L4-th contact of the i-th block
(i’? 2).

Table 22
Assemblies Iy L I, - Iy I, I
v 1 0 1 1 1 |
b 1 1 0 1 1 1
1 0 0 0 1 1 0
}
7 0 0 0 1 0 1

— )T —



Now, to complete the construction of the tentative

test, it remains to write out the tests Ty ¢
i

T =={a% 2% ..., a"; B R, L T
T/x s {E, 312, 3.3, ‘e ey Gl”},
"4‘12::._.: {z, C'f“’, &3? ., ar.."’““},
T}, = N — empty set
Pr= {8 B o B,
The= {3, B o 9
Tne fact that the listed sets TIO’ Tll, TIZ’ TIE’ TI@’ TI5

are tests, following directly from the arguments given in
Sec. 8.

We note that a tentative test essentially represents

a scheme for pyoving(that the set éTO’ Tzi, cows TISO %
1s a (unconditional) test. This note makes it pogsible to
extract in many cases -~ %he econstruction of

L

the econditionsl test from the proof of the test,

2

o dcsc;ibe a conditional test we consider the
mathematical expectation of the length t = tO % tIi of
the employed portion of the conditional test. This
quantity is proportional to the average time of monitore
ing the network.

The imtroduged probability characteristic is
meaningful if it is establisned that the faults appear
with a definite frequency. In practice one can always

coneider that this takes place, when we deal with an

— )} G e




sdjusted network. In this case one can determine by
statistical means the probabilities of the appearance of
various faults, We denote by P(Ii) the probability that
in running through TO we obtain the ;nformation Ii'
%Obviougly, the sought rathematical expectation can be

'found from the- formula

f~—‘0(%w1th)P(1)”“t - ‘»h, > (13),

]~_\ [E2) i

P(l)=1.

(-3

We caleculate t for the preceding evample.

Let p be the probability of the retwor¥ being in
working order, q = 1 = P the probability that there is a
single fault in the network =- a short circult or an
open contact.* We assume that the probabillity of all
the faults are equal to each other, 1.e., q/2(n - 2}

We caloulat@ the values of P(li)

1 | | |
PUY=p i PO=gGm = PU)= =y D
PUy=gly PUI=gamg s PUI=5=30
e (T q)?<n~—1)+ & n g 2t — B+

n -1 - 3 7 M}-W".
+ gy I 1“2"“{“2“'"7[7{"””@"‘ 8(2n~1)_]
Since t_ = 2n + 2, then
RPN Or: SO A B
t=1y q[é" CA Trre 1l

- 3O~



*This relation shows that the average length of the
tentative test differs substantially from the length of
the tentative test in the case when g is not very small,
However, if g is not very small, then the network
operates with frequent - breakdowns and
consequently needs adjustment, Thus, under normal

» test

oD

conditions the average length of the tentativ

in

deviates little from the length of the tentative test.

* Consequently, the probability of appearance of

faults in more than one contact is O,

om s P

Tn the preceding argument the calculation was based
on the azsumntion that the testsTIi are run through
completely. However, there is no need for running
through TIi completely, if the fault has already been

lncalized. Consequently, 1t ig convenlent to consider

eacn of the tests TIi as an ordered test.

1.C.  Test for s Binary Summator Network

The advantzge of the conditional ftest 1s parti-

cularly clearly seen from an ewamination of the nroblem

s

of finding a single fault for a single binary summator

netvwork /1/.

...../3[‘......,



We start with the following schame for addimg two

necolumn numbers, specified in binary form

| Oy .. @
bml‘ﬂ‘,! « m e l)x

&'“4_13”3“,_1 . s sl

If we denote by cy the result of the carry in

the (1 ¢ 1L)=th column, we obtaln the following recursion

formulas
S A (hitiy V 0 )V i (Bt oy V By,
C’- ernd &‘bﬁc‘_‘ V a‘ (F}‘ \/ 64?3,; ._’),
PEE (ZAVANOWN AVE N X
where 1 = 1y 2, eesy Ny Cpy = O, EO = 1y 5n+3 = %n°

Starting with these relations, it 1s easy to
obtain the binary sumater of interest to us. Thie
netuork consists of n blocks of three types (Fig. 43).
The blocks are connected as shown in Fig. bh,

Thus, the binary sunmator netvwerk represents a
block network. However, unlike the comparison netvork,
we have here a more complicated connection betvween
blocke. It is therefore quite natural to refine
further the procedure for setting up tests for the |
block networks.

hgsume” (1) that we have a network made up of &

amall number of types of different blocks. We assunfe

[ 3




furthermore (2) that no relay can act on several blocks,
and that each block 1s contrelled by & small number of
relave. Finally, vwe assume (3) that in each type of

sies are broken up in an Ldentlcal manner

and oubtputs so that the inputs (or respeciive=
1y the cutputs) have the separsbility property (see
helow, p. 382 /0f source/) and that in the network the

enters into a bleoek which is in working

order only through the inpuls and leaves the bleck only

through the outpuly,*

&

# This limitation is imposed in oxder to facili~

tate the caleulatlions,
Tri the investigation of block diagrams ve filrst
make up, in accordance with the network, a table of

.3

"iransfer? and "output® numbers, which shows the
dependence of the states of the ouiyu? on the states
of the input in the case éh@ﬁ the given block is in
working order, This table ewplains the possible states
of the inputs of a given block under the assumption
that all the ﬁemaining locks are in working order.

The nevxt stsge is to disrezard the connectlons

hetween Dlocks and to consider esch block independent

1y as & multi-terminal network. The state of this

e [23 e
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multi~terninal

.

netyork iz deteimined by specifying an

i %i % i, N o
v I - WPG‘TE‘ (x. L3R I 2
YTy e PP 1t Tt

.

assembly oA cony X

b
3 K
\J‘v csny §3£ describes reapeetively the state
2y3 of ihe given nlecke Crwiounly
the state of the outputs of the multi-terminal netwerk
. . , . 3 <3 i
will determine the value of F(Cfl, ceny Ty g eee
‘§i)” af +he function F. Uslng the generszl alpo
3 T . cipad s orinitmal best
deseribed in Crop. I, wo can consiruct & mUMIRGL REe
: B - . 2 o

Trese sesutmptions reduce to the fact tnat we shall desl
th & emall nurber of uncomplicate ed tables of fault
funcetlons Tre latter leads to a relative ”1mn1101 y of
calculations. The constructed tesis for the blocks

rooterize the test

~

pive the necesaaly conditions that ch»
for the enbire network: namely they indiczate vwhat
cembinntions of significant figuree should he encountels
od in the assembliec belonging to the test. This make

it noszible to construct the base of the tegt, L.€.y
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each block be identically equal to O, {see Reference 7@/).
In faet, let each block ccnsist of one contact, i.e.,
let it have one input and one output, and then in the

2

network shown in Fig, h%, gach block 1s trivially
wéhdf*blﬁ but condition (3} is wiclated for the
"hridge" block v (Fig. 45}, Thus, cordition (3) imposes
Lizitetions not only on the properties of the blocks
wut also on the properties of theilr connections.
The concept of separability along with other

limitations was introduced by Shamnon /87 for one
special case of the junetlon of multiwterminal networks,

in order to exclude the presence of admittancez from one

pole to another, which, leaving the block, asgain would
“return to 1t and again leave it (Fig. 46), Incidentally,
for block networks satisfying requirement 3, the
existence of conducting circults,* which return to a
given block (feedback), as shown, for ewample, in
Fige 47, is not ewcluded. The presenaﬁ of feedback
ralses difficultlies in the investigation of block
networks, We shall not attempt to offer a general
theory for such networks, but to eliminate "returning®
ircuite we shall first narrow down the eclass of
admissible block networks. For thils purpose we con-

alder networkgwhich represent Yseries connections' of




5locks, in each of which the poles are broken up into
inputs snd outpuﬁs. When connected in series, the blocks
form an ordered aggregate, With this, the network either
has a single input and several outputs or a single output
and several inputsz., In the former case the input of the
network can be joined to any input of each block, and the
outputes of the network can be connected with the outputs
of the blocks; in the second case the output of the nete
work ean be connected with any output of each block and
the'inputs of the network can be connected with the inputs

of the blocks,.

* By conducting circult is meant here a cirecult
between arbitrary vertices of the network, for which the

admittance is not equal to O identically.

In addition, only ccnnectlions between the outputs
of a block and the inputs of the next block, or belween
the inputs of a block and the oubputs of the preceding

block, are possible. For the former case the serles

connection of the blocks is shown schematically in Fig. L8,

Ewamples of networks of thls type are & network .
for parity counting, a comparison network, and the

binary-summator network.

— Y




Tet us assume now that there is a Tault in the
2.th block. Obvicusly, this fault can change the state
of +he outputs not only of the i-th block alone. The

rd poins ce io due
of the fault there is a posg
along new clireul both on
nloek (forward wave) and on
Wicek (backward waveld. It is elear that 17 no limita
are impose, a wave moving in a def nite direction may
in a cer . block be Wreflected” and returned in a

‘i ik
with mu
. oy % y o s,
ed by series €O

53 i o4
erist, The goour

ealenlation of the changes in the states of the oulpu
yery difficult. However, in the cases consldered
rere noc wave reflection takes place and this allovs
ug to examine independently the changes in the states
of the outputs of the (i & 1)-th, (1 ¢ 2)~th, wee
vlocks due to the influence of the forward wave, anc
changes of the states of the cutputs of the (1 = 1)=%
(1 = 2)=th, see blocks due to the influence of the

hackwerd Wave.

P
nnect

rense

LJe

s

13

— 13—

phenomnenon cal taks
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- We shall

networks that satisfy conditlons (1) -

5 seriles-connected bloeks, Th
shaence of

riteriocn for the

»
{2

refieated wav
Theoren. There are ne aflected vwave

network, representing a serles connectlon of

Nt

having proparties (3) contalns a

The proof is almost ohrious.
¥ote. In networks representing &,
of biosks, the presence of properdy (37 is

the presence of separabllity of the inputs

pach block and to the forbiddenness of the

 between one oubput (inputl} of a block and

inputs (outputs ).

ane can choose the basd . for

to o test having sufficiently short length,
ance

We now show the apnear
3k

s conditional test for a blinary summelol,

Since the forag

~gummator network, we are Ju ngtified in cons
effect of the waves independently, We first
the effect of the forward wave, Hince
of the taagt for a binary swmator ls

Lshall break down this process into stages.

g B 2 .

g2 following theorem giv

ﬂ.

arnd

conslder below evclusively only those

- {3) and represent

)
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if a

blocks and

single faull,

aquivalent to
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cutputs of

cornnastion
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the weves

of the conﬁ%ruetwmﬂ of

oing uhauwmm holds for a binary-

dering the
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4 - . . -
1. Compilation of a Table of Transfer and Output

Numbherz. In order to take into account the connections
batween bleocks and also in order to clarify the per-
migsible etates of the ovtputs of the Tanliy block, wve
Emake up a table (sece Table 23) of transfer and output
-num%o“ﬁ for the i-th block (2 & jm'ﬁ n-1), It is
epsily seen that the outputs of the faulty block can be
only in one of two possible statas, (C 1) and (1 0).
We chall uvge this eircumstance in the noxt step.

iT. Compilation of Tables of Fault Functions.
Here wa start with numbering the contacte as indicated

in the diagrans. In the dliagran of the n-th block we

use a non=-through nunbering, sinee this reflects the

;«

faet that the n~th block 1s obtained from the i-th

lock (2 g; 1 €& n = 1) by excluding =z series of
contacts, connected with the output ¢, In the fault
tables 2 -- 26, the states of the Inputs are written
in the form of two-digit binsry numbers; the states of
the outputs are written for the sake of brevity as
&éaimai numbers corresponding to the binary numbers

c & = (1 2 1, 2, soeq 0 = 1) and S 61%%n " Fron

Table 4% we have fo @ f%, fl% = 1, 15° flq = fié’ 11 = f7,a

and f, =z f . From the diagr an of the l-st block

) it 1 seen that £, = f f. = f f o= f_

%) 1t is seen tha fz 6 13 gr Iy, 7
&

b )



fovs Ty0 = 1,0 end £, = 1

By virtue of the symbols used, and also by wiriue

of the strusture of the n~-th block, the table pf fault

A de e AR Yy o g S O W L £ o S o
funetions for the hA=th blosk | Talle 267 1s obia
£

the teble of Ffault funstions for the 1-th bleck (Table

by lesving in the latter the corres ponding columng and

replacing them 2 by 0, 3 by L, & by b, and 7 by 6 (the
spcond binary diglt is alvays 0y, Frem Table 26 we have

{ s.rl'.é i i+ f

15% - jh = ilé? 1t ?T“

From the foregoing tables 24 e 26 3t is seen that

certain faults have besome indistinguishable. The

question asvlees:  what can be sald relative to the
sndistinguishabllity of faults in the sentire network?
denote a functlon of the J-th fauit of the
i=th block, fo we g function corresponding to the
operation of the properly-working network.® Since in
the network under consideration there is no feedback
(reflection of waves) and since no f&@dhaﬁk appears for
fanlte of the open-aircuit type, it is obhvioug that ve
nave for the l-st block

i o "ﬁ'” ﬁ‘ﬁf Py 4”’ 1 f&,,
for the 1-%h block (2 & 1 € n = 1)

HEST R HEI

and for the n-th block

/Y o

g

é"";:i\



1= 1.

T fere the
~

WIS T I A A O - -
Flmctions depend on 2n argiments

s cee sy b Y . . . ‘

Nt BN , which agsume values O and lj the
y;w caey v, / .

values of the functions themselves are integers from the

PR <X 2%
segment [f% 2 - 1] .
Furthermore, since all the cireults that arise as
the result of feedback and go to the cutpul ﬁl of the
1-st hlock pass through the Input of the network, these
foedbacks provide no nev possibilities for monitoring
. either the l-st or the 2-nd block. Therefore
b, fi b §) 'S B
/2“"" 6! /3‘”“ lg* /4 ""“/';r

el i T L & :
/(} — fi! 13, = ;__), /;‘ o ff“.

Tt is . seen therefore that the L-th contact of the 2-nd

bloek is superfluocus.

. i , 1
Wa shall show below that fl“ = {2 . and fl% = flé
when 3 5 1 < n, and also that no new

Nees

jdentifications are produced (all the remaining faults
will differ).

Tt is easy to establish from Tables ol —w 26
that assemblies 1 == 4 are a minim=l test (trivial)

for the verification of the l-st block, and that
L.

b e £ m
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(2nd half)

Table 26
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N [T D e de - o~ S0 » iy oy 4 %
hreaskdown (gee Chapter I, Ssc. ) shows that the fore-

- ‘ 5 PR T B [« TN 5 .
ecaas of vok and aszsemblies 2 =~ & in the case

o

i 1 + - i Y., - »
of the i~th block (i 2 2) must enter (Chap. I, Sec. 3,

o~
2
=
r-«k.
vy
]
¢]
8
”‘i
b
<
]
e
i
[

jited
C*
Ft
O
&
W

&
ot
3
]

o . . . A <o o o s : - e
and a table of ftransfer numbers, we shall attempt to

)
s
2

T " i o ey 1 1
form the zet T dn such & W

<
&
-8

. . . . . . P . . ~ 53 N 6
that T. have the least posgible length and that the

by

in each individual case a small number of assembies

Tnasmuch as in the investipgated network the l-st

4 ! b Y 2 s 4 Ny B 3
anvy 1 (2 % i £ n) the set of assemblies, sach of
o &

which is ¢, ¢, .=, v, vaiere ¢, is the resull of
el d A T :

carry in the i-th coluan, and bfi and (5, are the i~th

colwans of the numbers of the set from TO? forms a test

for the i-th block. Obvious
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wmleaﬂ to several different versions of Tq. We take for

T, the set ( ey €y ©35 Oy €5 € e7}», where

VP X L U I Y A EEXL Ry
B ) "(a 00}* *3““(.,. o1o1) “={ 0
K 0... 01 ... 1 I 4 11
‘ "5""‘(1.“ i 1)’ eﬂm(ﬁ. L0 1) "’7"’:(1.‘ { 1)‘

Tie assemblies of the set TO are connected with the
assenblies of the minimal test for the i-th block as

follows: the assenbly e, ig constructed starting with

assemblies 2, e, 1s constructed starting with assemblies 3,

assenblies b, 5, eg - gtarting with assemblies 6,
ey -- assemblies 7, and e, = assemblies 8.

Tt should be noted here that the length t of any
. uneonditional teet T (and also of the basé of the test)
ig not less than 7 when n ;; 2, leey, T ;?- 7

Tc prove this statement we must esteblish that
allowsnce for the feedbacks cannot reduce the test for
the n=-th block,

Since in the case of an open circult no- feedbacks

are produced, 1f they do not exist in the origihal net«

g. ~- starting with sosemblies L, 5, e, =- starting with
"] b] 3 }_g.

work, assemblies 2, 3, 5, 6, 7, and & must enter into any

test {(see Table 26), It is obvious that the closing of

(the first contact can be detected only when a, = by, = 1
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The plain numbers and the primed numbers in
‘ fablea 27 ww 2§ denote closing and opening, respectively,
of & contact fesignated by this number; 0 denotes, as
aiviay 5, the network in working ordele Certain columns are
split, depending en whether the numbar 1 is even (e) or
odd (o). When i = n the columns in Tebles 27 and 28,
corresponding to the indiees 3, %, 10, 11, gnd 12, need
net be considered. After these erplanstions, let us
write out the values of the following parameters which
entar inte Tables 27 «- 292

a=st] .. M, B dE oLl 10,

. Z 00 ... 00, == 40 ... 0O

The remaining parameters are given in Table 30
A surp ~y of Tablas 27 == 29 shows that we have 39
s fferent types of informatlon. We shall not write out
a table of 3nfoxn¢tion in explicit form, and shall con=
fine ourselves only to an indiwatimn}atlthe end of each
golumn &ﬁi the snformation with which a given fault is
connected.

Ais & result of running through the base we obtain
quite dafinite information, which containg not only the
type mf information, but also as & rule the value of the
indew 1 for the parameters tﬁi’ g 59 b"i’ 4'39 RV I 351,

A
and }.ig Let ue write now a list of faults, connected

Fy
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dith‘given information. We shall distinguish here two
cases.

2) The information determines uniquely faults,
the indistinguiﬁhability of which is established.
I y4--presence of a shorfjeircuit in the 5-th contact of the
i-th block, i.e. 5,

i
where 1 == even,

" woon " . ow 5.th contact of the
i-th block, i.e. 5
where 1 ~= odd,

" " an open circuit in the 2nd contact of the

i"‘th block’ i.e. 2?
1

where i -- even,
" woon " " " it 2nd contact of the
where i «=- 0dd
[ i t 1n 1t 1t i 'Lf-*th or 12-th con-
tact of the i-th
block, Leeay W
121,
\/ i?
it 1 " [ t L [ 5_th corﬁ:act of
the i-th block,
i.0. 5;, where

i == even




presence of an ohen cireuit in the 5-th contact,

"

"

n

"

n

4

1]

i

114

"

it

LU

1]

n

n

1t

"

4

n

1

n

L

n

n

"

1L

L

it

tt

n

"

1®

n

l.e, Si, where
i -~ odd

6-th contact,
l.04, 6&,

9-th contact,

le€ay 95, where

1 == even,

9th contact,

s N - 9;, where
i -~ odd

13-th contact,
i.e., 13{,
14-th contact,
1€ 1M{, where
i -~ even
14~th contact,
00 lhi, where
i -~ odd

15-th contact,
i.e. 15{, where
i -- even

15-th contact,
l.e. 15{, where
1 -~ 0dd -




Iéo»~presence of shorteircuit in the 1-st contact of the
| 1-st block, i.e. 1,
Ioq== " neow " "t 2.nd or 6-th contact
of the l-st block,
| 1e€s 2l \/’ 61
T e ® woon w o n 3.pd or 8-th contact
of the l-st block,
| Lees 3y Vo8
133-“ R L " wooou 5*?& contact of the
1-st block, i.e. 5y
I3%—m " *  open " voo" Jest and 5~-th contacts
of the l-st block,
iees 1} Vs
I == " woon n v # ound contact of the
1-st block, i.e. 2!
I., == " " " -on i " 3.pd or 7-th contacts
of the l-st block,
tee. 30 V71
I, == " nooow " "o heth or 8~th contacts
* of the l-st block,
1ee0 hi V .Bi
I == " L " w# 4eth contact of the
1-st block, l.e. 6i

b) The information determines directly several

faults, which are either distinguishable, or those



for which the distinguishability has not been established
for certain values of 1.
~ IO -~ denctes that either the network is in working
order, or there isc a short circuit in the k~th or l2-th
contacts of an unknown block or in the h~th or 7-th
contact of the l-st block, or else the presence of an
open circuit in the 10-th ccntact of an unknown block,
1., ON 4V 12 V L+,i\/ 71’&/ 1013

I1 denotes the presénce of a short circuit in the
1-8%t contact of the i-th block, or in the 7-th contact
of the (1 = 1)-th block, L.e.y 1, \V 7,1 Where 1 1s
even (2 &£ 1 L n+ 1)

12 denctes the presence of a short circuit in the
1-at contact of the i~th block or in the 7-th contact
of the (1 - 1)-th block, l.e.y 1, \/ 7.y Where i is
odd (2 4 i £ n o+ 1);

X

13 denotes a presence of a short circuit in the
5.nd contact of the i1-th block or in the 8-th contact
of the (1 ¢ 1)-th block, i.e., 2, \/ 8,4, where 1 1s
even (1 < 1 < n);

Ih dernotes the presence of a short circuit in the
p.nd contact of the i~-th block or in the 8-th contact
of the (i 4 1)-th block, i.e., 2, \/ 8, , where 1
is odd (1 S 1 X nlj

15 denotes the presence of a short circuit in the

Lanaiad /év‘3~o-‘




3=rd or ll-th contact of an unknown block, il.ey 3 \V/ 113

the

h contact of an unknown block, i.e., 63

e

I, denctes the j

g resence of a short cirecult in the

3
A% )

B

I. == denotes the presence of a short circuilt in

9=-th contact of an unknown block, 1.e.; 94
1., -= dsnotes the presence of an open circult in
10-th contact of an unknown block, i.6., 103

111 . &enctes the presence of a short cireuit in

-~ denotes the presence of a short circult in
The ih r 16-th contacts of the i-th bleck, i.e.,
vV 16, , where 1 is even;

113 ~= denotes thez presence of short circuit in
1k~th or 16-th contacts of the i-th block, i.e.,
V 165 where 1 1ls oddy
-- denotes the presence of an open circult in

i~8% or 7-th contacts of an unknown block, l.e.,

117 -~ denotes the presence of an open ecircuit in
3-rd or ll-th contacts of the iw-th block, l.e.,
1
VoL
oL . ,
T ~=» denotes the presence of an open clrcult in

22
8-th contact of an unknown block, i.e., 8'.

S -



Note. I E ! aults
ote n I I3, and IL+ the faults 7 ) 1n+1’

8n*1, and 21 are fLCt tious and should be dzscarded.
The foregoing 1iet shows that in the case of
appearance of information indicated in item "a" the
fault is established and the monitoring is completed.
However, in the appearance of information indicated in
item "b" sdditional analysis is necessary. Since this
anzlysis useg essentially the effect of the backward
wave, we shall proceed to consider the baclward wave.
7, Effect of the 8¢CPWard ve., We haVe alr ady
taken into account in certain suxiliary arguments,
considerations that take into account the effect of
feedback. Now, on the basls of an account of the
effect of the backward wave, we shall, on the one hand,
establish the indigtinguishability of certain faults,
and on the otner hand we shall shov for certain cases

how faults can be detected.

i i . 1 -

of +" - 1 2.

1) Proof that . flS and fll+ 16 (i 2 ‘?

Tt follows from the table of fault functiocns that it i1s
; .. i i 1 1

impogsible to distinguish f13 from f15 and fl1+ from flé'

11 only the effect of the forward vave is taken into
accocunt. It remains for us o show that this is also
impOaulb]e if the actiion cof the backward wave 1s

connidered, In fact, for any asseribly e, both in the

e ) Cf




;éas§ of cloging of the contact 13 and in the case of the
_closing of the contact 15 (or respeetively the closing
of contacts 1% and 16), either the outputs of the

(4 = 1)=th block are sgimultaneously closed, and then in
both cazes the same backward wave is produced, or else

they are simultanecusly open and there is no backward

. i i ’
wave at all, l.e., fi (el = flﬁ(e) (or respesctively
i, 1oyt s -
fi%{QD = fléie)ﬁg This proves the gtatement, It

follows therefore that upon appearance of informatlon
11” or 113, the anslysis of the fault is complete,
Y

2) Proof of Distinguishability of fj from f,

o

fl
12
Dy 347 fof source/). We agree furthnermore to place in

o

& P &-‘ ey O..
the assembly (k: g "y
' 'h‘ P2 L et J’

above the corresponding column, if we wish to note

o

and when 1 2> 2 (vhen i = 2 we have f) = £, see

) a ki & ] o7 | L - it Sign

whether carry $eek-piease-im from the preceding columns
tock place or not.

Obvicusly, to detect a short circuit in the Y~th
contact of the i-th block by means of the backward wave

.t

Yads

s necessary that the verifying assembly contain

T

Lol vt

in the i-th column (the + guarantees that‘aj_l =z 0).

Fu

+3

thermore, to observe the appearance of a backward
wave on the pole E& 19 it is necessary that the (i - 1)~
~th coluwmn of this assembly be ?% , for then when the

Leth contact of the i-th bloeck is closed we have «

e ) G5 e



s = 1 (normally, s. . = 0). Thus, the verifying

=1 i=1
assembly should have, in the simplest caqe, the form
«.n 00
( > 4 ) let us ascertaln now the resvlt that
NV W W

should be produced here by a carry in the (i - 5)-th i
column. If 1 -2 2> 1, then the (i = 2)-th block contains
the 12-th contact,

Obviously, in the absence of carry in the (1 - 2)=-th
column and upon closing of the 12-th contact of the |

(1 - 2)-th block, we shall have ¥, , = 1 and therefore

i-2
si 1 = 0. Thus, in the absence of cerry in the ﬁi—2)—th
“column (1 2> 3) vwe shall have,fi = %;2. Consequent=-

Ty, to avold this identification, it is necessary that
when 1 > 3 the investigated assembly have the form
‘.A\OOO"‘
( o4t .. .). It is seen therefore, that a fault
in the 4=-th contact of the i -2 3 block (unknown) is

determined with the aid of four assemblies, for example:
’(...00110013) ( 001 001) (...001100 (...uo'uo)
L0111 0t11) ot11011) \..o 11_101)' L.01140)°
The remaining faults O, V 700 Lyr 249 34
1 ] 1.
61’ 719 817 91’ ;Oi’ 111, 1211 13i vV 151a 11, 31’ 719
Yy 10£, and 1li can be established in principle by
taking into account only the forward wave. However,
we shall see later that by using the effect of the

backward wave we can construct a more compact condition-

al test,

— b~




VI. Construction of the TegtsTI.. In the case
1 -

of appearance of information Il or I,., the index 1 and

the famits 1; \/

S o fe ox by T
Jnii'}'rﬂ.v} W t "7}.{{% i ¢ls

P2

are determined. To distinguish

et

7.
N
te

~

92
ot

T1= (&) o T == led,

Obviously, on running through the assembly e8,

we hnave the following:

in the case lj_ me O aqae O 1 1% 0 .., 0
i_ﬁ the casea 7, 1 it O L) Q 1 C‘* O LR O
Le L

%  The asterisk denotes here the i-th column.

In the cgse of sppearance of information I, or L
- 3 Ly
we also determine the index 1 and the faults Zi\v/ 81*1 .

To distinguish them, we teke the test

~3
i
; i
i
e —
™
[
3
.
=3
)

H
o
My

o

S
»
f’w

b
wWnera

Here, upon running through the assembly 99, we

have the following:

A




in the case 21 = 0 44s O 1 00* ,.. 0

in th@ case 8, —- 0 R ¢ 1 1 O* cen O
iel

at when 1 = n the information T (T )

vte th
oL

c
s
U

ylelds 2n and no further analysis is necessary.
Let us consider the case of appearance of

information 1 8’ o and Ill‘ Ve put

1, - 1 ::Iz *"\th
here

Tn the case of appearance of "1" in the i-th
column upon running through the assenbly elO’ 1e€a,
if O ees 0O 1* O ... O apnears, we have respectively
654 95 2nd 13y V155 |

In the case of appearance of the information IlO’
as gesn from the table of fault functions of the i-th

block, we must put

where

RN SR U U fct0d
"“"“(‘.‘1 V) "W“"(...t {1 1)‘

4
Upon running through assemblies k v BOT R \ and

.t\ii ' yeon 4

(::;cil:'? : “~) when the 10-th contact of the i-th

block ies closed, we have respectively ... 1 01 1* 1 O ..o
b &

e JEF e




E,‘.,\

and eee 1 01%1 1 0 .ve instead of 40 1 01 0¥ 1 0 4y, |

and e.s 1 O 1% 01 O suey 1.2ey a "1" appears in the

j-th and (i = 1)~th columns (when i = 2, the "1" appears
only in the first sscsembly, since the backvard wgve from
the second block is not csught). It is seen therefore
that the number of the faulty block is established.

| From the table of the fault functions of

the i-th block it

ot

,.:;

is also scen that upon appearance of

information Iih it is necessary to take the test

I3l
Iy, == {61“ 5;2}-
In fact, the presence of a fault 1! \/ 7! is character=
i i i
ized by the fact at in running through the assembly
{‘«gQi o* ! 3
\-.n l i ‘ s v £
the result see 0 0 0% 1 ... (the "1¥ of the (i ¢ l)~th

cre obtains instead of eee O 1 O 1 o4

column disappearsl.
In the case of appearance of information 117,

one must take the test

Fr.={ey}

\’1 re
[ 000%0...0
es={"""g1¢ @.,.0)‘
In the case of a fault 31, - instead of

ves 01 OF O vee there appears «.e 0 0 0% 0 ... (the

"% digpppears from the (i 4 1)-th column).

— Y e



Analogously, in the case of appearance of

Jinformation I the test T 1s determined for the
! 22 Inn

&

astabliéhmént of the number of the block in whilch the

‘contact 8 is open circuited, Namely

Ti, =={eyy €y),

{1111 At
. o A
14 (...0101)' el5“‘"(...10i0)'

where

Here, when the 8-th contact of the i~th block 1s open
circuited, upon runaing throggh the assembiy | .
Ci::ﬂ‘g : :::) instead of ... 1 O* 1 ... one obtains
ese 0 0¥ 1 ... (the "1" disappears in the (1 ¢+ 1)=th
column),.
B The informations Io and 15 lead to more complicat-
ed explanations and constructions.
Thus, assume that we have the informatlon IO.

This means that the network can be in one of the states
oV ¥V 12V &V 7,V 100, As alreads
noted, in step V, the verlfying assembly for disclosing
a short circuit in the 4~th contact of the i-th block

(1 >~ 2) should contain the following values,

in the i=th, (i = 1)=-th, and (i - 2)=th columng. In
this case upon closing of the 4-th contact of the i-th

block, running through the verifying assembly, we

- |70~




obtain see 1* 1 1 oo, i.e., there appears a "1" in the
{ 1 - 1)-th column. On the other hand, the presence of
a carry in the {1 = 2)=th column prevents the possibility
of the appearance of a "1" in the (i - 1)=th column,
because of a short circuit in the 12~-th contact of
the (1 =« 2)-th block. Thus, the #1% gppearing in the
{4 = 1)=th column as a result of running through the
verifying test of the indicated type is evidence of the
presence'of s short circuit in the 4-th contact of the
i=th blocks

To detect a short cireuit in 12-th contact of the
;-th block it is necessary that the veTnylqg assembly
- (see table of fault functions and the diagram of the
i-th block) have the form ( o ? 2*‘1 ) ‘) . As a
result of rumning throughAthié assembly we obtain in
the case of a short circult of the 12-th contact of
fhe i-th bLocK eee 1 0% eesp 1.6, & "1" appears in the
( 1 % 1)=th columne.

However, the "1" can appear in the (i ¢+ 1)-th
column because of the backward wave due
to a fault in the 4-th contact of the (i ¢ 2’?-—‘th
plock, i.e., if the assembly has the form ( e 00 ‘4‘::)G

AR
To bloeck the path of the backward wave in the (1 # 1)-th
* 3
block, it is enough to teke the assembly(_ "si 1 'f‘)



It is easy to see that now the "1" will appear in the

(i + 1)-thvcolumn upon running through the assembly only
1f thore is a chort cireuit in the 12~th contact of the
i=in block. Finally, to cbserve an open circuit in the

10-th contact of the i-th hleck it is necessary to take
.0 0f
- L O

functions and the dispgram of the i-th block). It is

the asgembly'(’ : ’ ::) (see table of fault
easy to verify that 1f upon ruaning through this assembly
Wwe obtaln eee O 8% oeey 1ee., if the "1% has disappeared
from the (i 4 1)=th column, then the 10-th contact of
the i-th block has become open circuited.

Let us show that in the case of appearance of
information IO, the completion of the monitoring calls
for taking the test

Ty, = {e)5 €5v €1 €4g € €nh

wnere
there . ( 1040060101
167 111101 111)’
o o (010001010
17 A0 111)'
p o f---100010100
WALt ot 1 t0)
000101001
101/

(

(:
€w3(1J011,i

(f'

(
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run through it, if in the first twe columns we have 10

instead of O 0, we have a short cireult in the beth

contact of the 3-rd block,.

ria

fte

anresrs, W have by

} o} L) u

.

1y, i1 informaticon I

. 4

N

s

As meen frowm the table of fault functions and the dlagrer
of the i=-th block, to determine the number of the faulty

blnck (3, k’ 11,) and to detect a shors circuit in the

;? 2), one wvust tuke

[N

Zerd contact of the i-th block (

the g2senblies aak.
(..1’1... 00
.0 1) B (...11 )

Hewever, ~inless certain precsutions are taken,
then in the case of the firet assembly the result of
chicrting of the 2-rd or ll-th conteete of the s=th

hleek (s 72 1 - 2) may inlTluence the 1-th column.

"erefcre, the firvst sscerbly must have the following

-
¥ .
forr when written in grester detail:(fi:f)% : >'

The value Q{ in the (3 & 1)=th column has as ite

fou
purpese to bleck the prepagation of the veve arising
iy the i=th block. It must he indicated here that

[

ruaning throagh this asserhly mayv lead to a velue

vee 1 1% D e.. instead of eee 1 0% 1 aes not only hecause

of a fsult in the i-th block, but also hecauce of a
short of the 1l-th contact of the (1 # 1)-th Dblock,

Upen running through the second assembly we can obtain

— |7 -



eee L OF .., dinstezd of .. O 0* ... not only because of -
. a closing of the 3-rd contact of the i~th block, but

alao because of the influence of the backward wave,

-

producéd, for example, upon closing of the 3-rd or ll-th

contact in the (1 ¢ 2)-th block, if the assembly has the

' ¥
form(w E&? ﬁ “‘> To prevent the action of the backward

wave on the (1 4 1)=th block we refine in this assembly
the (1 ¢ 2)-th column in the following manner:
(:i;itf‘ié o ) . Ve can now glve the construction
of the test TI;‘ We putb

Ty, =={ey, ey, ﬁm? €50 €50}
where
. w{“.aﬁm:oues)
BTTL..001 14001 8 440
m(...ii&i(liﬂ)i(})'
2TN..0111001 140/
. mc..mmueﬁm)
W““‘\...ummuoo !
. m(,..aimwmu)
BTT\L..41004 480014
‘m(..,muoﬁoui)
=L, 100411004 4)"°
These assemblies are bhased on the repetitiom of
the combinations : é x ﬁ : ) . In the tast assembly
to insure carry in the second column, we used f
instead of g as the first column. When the network

ie 1in preper operating conditlon, upon running through

the foregoing assemblies, the result is an alternati&n)

L -




from left to right, of the combinations O O and 1 0 1,
perhaps with the exception of the first three columns,
Thus, upon ruming through the agscembly e we have, in

the case of a properly werking network, s.. 001 01
. - Nt A S

~—
clude that if the piece 1 0* 1, and also the plece 1* O 1

§Q~9=1 0 0. From the foregoing considerations we con-
' have become 1 1* 1 and 1* 1 1 respectively, we have a
short circuit in the 1l-th céntact of the .i-th block,
but if the piece O O* has becorie 1 0%, we
nave a short circuit in the 3-rd contact of the i-th
block, | .

Note. In running through the assembly €5 the
piece 1 O O plays the same role as the piecé 1 01
1f 1t becomes 1 1 C, it means elther a short circult
of ‘the 11-th contact of the 3-bd block, or a short
eireuit 3, \/ 11, in the 2-nd block.

Thls completes the construction of the conditlon-
al test.

The“inVestigation shows also that all the faults,
with the exception of those listed in step II, are
pairvwise distingulshable. We thus arrive at the
following result, |

Theorem. To detect a single fault in a one-step
binary summator network (see beginning of the section)

one can constmuct a conditional test of length £ 13,

Ny
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